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Abstract

. This morfiograph snmmarizes the’findingg from‘five related studies

carried out hy the authcrs in Sandy Bay, Tasmania,'hustralia, in 1979~ *

80. The overall.purpose of theaq\\dies was to examine whether children *

+’

who differed in cognitive capacity learned Lo add and subtract in difc‘ ‘

- - LI v e, -
ferent ways.

. " »‘._ ,,‘ i . - - .
The first study was designed to determine the memory capacity-of

-

a crosgrsectional population of child;en The second study was designed.

to pbrtray differences on . a variety of mathematically related develop-
‘ mental tasks f6r the same population of children. Data from thfse two

studies were used to form groups of children who differed in cognitive .

2 ' \

capacity. Six groups were fdrmed via cluster analysis. with memory

'capacity being the primary distinguishing\characteristic. Y

"+ ' The third, fourth, and fifth studies each 93ed a‘saqple of gtu-~

&

dean fromfthe six cluster groups across grades. The third study

\\ﬁnined both the performance and the Qtrategies these children used fﬁ .

{
tovsolve a structqred set of verbal addition and subtraction problems..

o - e

The fourth stcdy invoived repeated assessment of ﬂhe children's per—

-formance on a;set of items measuring cbjectives related to 9ddition
anprsdbhraction. Finally, in the last study these’children and thair

| - +
teachers vere observed during classroom instruction ,in mathematics to

see how additich and subtraction were taught - and whether instruction

varied because of the children 8 coghitive ‘capacity. P

Children's. differences in capacity are reflected in their perfor-

I
i
1
!

mance on both verbal and standard problems and in the strategies they

5




L4 £

e

* usesto solve probfems However, instruction does not vary for these
children within classrooms Thh picture which emerges is one of chil-
dren struggling to learn a variety of important concepts and akilla.

Some children are’ limited by their capacity to handIe infornation.

- 4 — -
.-._-———'—

Hast are, sble to aolve 8 variety of problems by uaing invented strate-

[} [} Y

. gles, Shoaé*%hich have not been taugbt. Thev diemisa or fail to see

the %‘J.ue of the taught procedures in solving thoae problems. ~Finally, g

the capacity of children for processing information, the’ procedures
students have invented to gsolve g variety ﬁf problems, and the way in
which instrnction is carried out in schoola 8Tré not related to-eadf

. other.
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J-apterw)
AN INTRODUCTION HO THE SANDY BAY STUDIES -
. s ' P / _ .

. L . *, ' ! .; l ; " -, e
For_several centuriés, b’eing able to find "one z/sﬁms /é-
diffErences"'hép begn considered one mark.of a schooléd
person. A‘lthough today we may .have expanded ofrfeXpepta—
tions about what-constitutes literaty, we still expect all

childven to efiicien?l carry cut operations om\whole .,
numbers. Yet, +in spite thege expectations ab t the-

i
K\\sensus about how such \ski 8 develop. (Romber,g. 1982, P
.s)*—-'-”w . ,,= .

ot - ‘ . ‘ ’
The i;si'c qojstion undér‘ investiga on vas Do chil&ren who di fLr

a

; t
of children 8 perfomnce on add tion- and subtraction tasks must be

o

+

related both to th7 developin cbgnitive abilities%and to their

engagement in relag¥d insttgmtiopal activities. s -

this qt,:estion. Ehci-n persp‘ective 1 viable in its own right:a Howevei

our intént was to see whether in co ination ti’te{ could b_pt’ter portray

the classical indiafidual differences P spective. wss tb use psycho-
- 1 -o b

 metric techniques in two studies to identify studente wi-h differing

l

cognitive capacities. The second apprdach, from the cognitive pron

-
A

cessing perspective', was to gathex clinical interview data over time ‘
6- - » 1 . . E

P - . o U , .
about the strategies children use to solve verbal addition and sub-

. \
P

traction problems, The third q=1:|1:|roach, from the quasi—experimental
¢ , \
perSpective, vas to use an achievement monitoring procedure to agsess

4




RN S N

+
L

Y

: pupil grdérh. The_finaliapproach;'th» direct insrrpction'taachinq_

- perspective, was to use & time-on—task obaervation»procedure to

LI I

:'j determine the fgatures of classroom .nstructioo.. Each approach taken

separgte}y tendg to-examine the pheaomeaa under consideratign from a
. LY * ) ' ) b 1 ’
microscopic voint of view, Our ‘intention was to incurporate the data

from the difforent sources {nto“oﬁé\pfcture, since all were derived
> N ~ L \ +

from the same aample of children, with a view to seeins the phenomena

(. o LI )

macroscopically. By 1ooking at the same phenomena from different

perspectives ‘at the same time, Lnstggts might be gained which would

not be revealed by a single lens app ac‘hj no matter how powerful the

-

- L3
lens,

relationa p between instructional proces;es. qgﬁiode, and materialg .

development of a complete elemenxary mathematics program, Develgpigg

Hathematicai“Procesaes (DMP omberg, Harvey, Moser, & Hontgomery,

T . P ] ~ . 7 ) .
1974, 1975, 1976). Although DMP was based on the available empirical

evidence and theories of learning, developmernt, an \ ruction {see

Rouberg, 19??); a nuooer of questions were raised as the program wag

being developed..

Hany assumptions had to be made, “These assumptiona“ﬁere related

. both to the way chrldren learn mathematics and to the way in which

<13
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N R ' - - * i - . . - . . ) ‘1__, .
teachers réally acted in, the classroom. With regard to_the former,,it
o - ] - ~ . - ) * ’ ! - :

-

a. R . A . “ "
was assumed that instruction could be matched td how learnera devel-

’ L g . -

op?d mathematical concepta. A donstructivistrpoaition on learning had f
_— . ‘ ) " Y
_ been taken based on'notiona from a Plagetiant cognitive-development

ovgll, l97§). In particular, Lovell had{argaed tggt
/ alongside the abatraction of the mathematical idea from the
physical situation, chere must be an introduction of the
relevant aymbolism and the working of examplea, involving,
drill and practice and problems on pape:. (Lovell, 1972, p.

A v - T S - i .
! 7 . - ‘o RN
©\ This led to asaumptions that pupils ahould work in small groupa

" on égtivities that involved phyaical materialas studenta ahould have
opportunity to talk, and so forth (Lovell, 1972). Although theae“

assumpt%ons seemed to be logical extensions of developmental theoriea,

ame e

there was little hard evidence about how specific number akilla
-actually devélop in-children. Furthermore, the implications of theae

notions to inatruction lacked:eﬁpirical aupport. + Teachera clearly

-
1 LY

_neededl more than a brief outline afd a few suggeationa to make a

Vo .
workable instructional plan. Horeovers the waya in which teachera
-~ * 5\ .
grouped children and intersicted with them clearly played a aignificant ﬂ -
-

-part in what the children/did. Thia last implication, in uhe final«

-~
-

-

- :r»/)/’analysis, would seem to determine the outcome of instruction..
In short, it became clear that a more complete picture waa

[

required to degcribe'Ehildren?a cognitive capacity with mathematical

r

material; to characterize the mathematical material to be learned; and

-
-

to identify the features of ¢lasaroom inatruction.such aa hoﬁ‘;hifdren .

. "

perform on instructional taakd, teacher actions in relation to the

- presentation- of mathematical material, bupil engagement, and teacher-

‘pupil interadlions'during lessona. Thus, from past work, it waa clear

14
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. ‘ ' R S
that the interactions between ‘capacity, content, and instruction
.needed En be carefully'ersmined. . . f ! _:;g : 1

Lo ‘9

Cognitive Capacity - Coa

*

ﬁany researchers invmathemdtics education have indidated the

L

neCessity to take heed of the child s intellectual abilities vhen

designing curriculum units and instructional techniques. The problem

. 1is tpat "although students hring lige to.mathematics; they add to the
* *___‘-n—-————-m___‘“_ LA

e instructional Compiexity, ‘for they also bring to the ?ffffff}ﬁgft 5

Jull range of their differences" (Romherg"fg??, p. 83). One must

\X-‘_.‘"_ _-_.___"_’_,’-—
“ have criteria a out which differences are tO be consitered. The

aay

a

'_criteria uced in this study were based on CIaims from two sources.

The first was from the extensive work of a nunber of educational
psychologists in the Thurstone_tradition_of d&stinct mental abiliti%s.

Sy

From test scores and psychometric analyses,,these psychologists
r ' 2- .
identified differentiaJ abilities, traits, aptitudes,‘styles. and so

forth. For example, such characteristics as intelligence,“rgtf of
learning, field independence/dependence, and spatial ability have been
%

identified, and samples of students ordered from high to low on those

trsits. These are assumed to be fired, stable characteristics,

biological in origin, which describe intellectual differences between

individzals in the same way as hei§ht. weight, stature, and so forth

_ describe physicaljcharacteristics. Although we did not utilize tests '

developed from this perspective, we used the psychometric strategy of

administering to each student a number of tests, scoring the tests,

and then relating the scores.

From work in cognitive development, we chose the measures to be

- !

used”in the study. This perspective is based on information that

-
%

15‘
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individuals adaptively interact with the ehvironment and gradually

evolve inktellectual processes thro?gh discontinuous'stages. Rather

- ‘

/-——’—/- . - , .
than being fixed, differences between individuals are viewed as a
function of'growth. Ciildren in the primary grades, for example,

usually are at a concrete-operations" stage, think in terms of

themselves (are’ egoéentric;; and think of cencrete referents near at

‘hand. Hence, they should not be expected to -reason abouf ‘hypothet- _

t

ical, external situations.
The cﬁoice of tests from this pérspective grew out of the work on
children s understanding of mnthﬁnatics. This research sained mpetus

following the fallure of the 'new math" programs to live up to their )

# ' - +

early expectations. Psychologists interested in mathematics learning
- . ; A
hegan to investigate developmental and learning phenomqu by using

elementary mathematical material as a.vehicle (e ge» Collis, 1975).

These investigators uaed the clinical iuterview as a tec Lique for

studying the concepts which ‘children had formed: in relation to their
i ) \ 4
experience with mathematics. Much of the work was st lated by the

provocative notions oﬂ Jean Piaget (Inhelder & Piaget, 958) Later

t +

interest was related to the work on memory capacity by Pascual-Leone
V4

{1976} and (Case (1922); Tils view of‘cognitive functioning enabled

! t ’

psychologists to turn'from the mere descriztion of 8 ages of develop~

nent of mathematical thinking to an explanation of the phenomena which
# v r
kept appearing in their work with lndividual children.

This evolution can be traced through the vork of Collis (19?1,

1974a, 1974b, 1975, 19?6, 1978, 1980a, 1980b, 1932; Collis & Biggs,

1979; Biges & Collis; 1982). The earlier papers use hafhematical
n
items %0 describe ard. to some éxtent, to modify Piaget s stage theory

16




. - . Y . L. .
(Inhelder & Pia%}t, 1958). The later papers, after about 1976, .
. ,provide tentative explanations of the developmental phenomena found

- %
earlier inrterms of Case" 8. info*matiog/processing theory (Case, 1975).

The most recenL papers {e.g.s Bisgs & Collis, 19825 describe\a

rcé%bﬁae model which, while' .allowing for the‘stage phenomenon, places

N c

the emphasis on the increasing complexity of responses‘within a given

stage) . co i, _ T ..
,.’ r
"In 3ummary, ‘a psychometric strategy was adoqfed to determine

cognitive processing capacity. S The initial task was to find and

administet'oeasures of cognitivg functioning which appeared logicaily
rglated}to toe learning of mathematical material and which seemed to”
be related to t?e chiIdren 8 level of cognitive development. Ve )

. selected instruments which could be shown grima facie to contain tasks
related to early mathematical learning scch as number consetrvation and
counting. We gave two-batteries of tests. ‘The first battety of tests“
waq_éesiéoed to measure the meﬁory capacity {M~space) of tﬁe child for
processing mathematical material., The secbnd battery includ%d tests
construc:ed to measure the child's level of- cognitive development on ‘
dimensions ftom the ?iagetian mpdel, such as‘conservation and

transitivity,\and-presumably related to oathematical ability.

We then used psychboetric prdce&ures, factor analysis; and ¢

jt- 1

!

cluster analyses to interpret tzzgﬁata from both batteries and to

group children. From this apprfacﬁ. we assumed that well defined sets

of children with specific cognitive characteristics could be iden-;
- ?

. !
- t

tified. | | -/
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Content to+be Learned .

et

We decided to examine children's early work in addition and _

‘}‘ - 4 - . !
A\ subtract:lon for se.veral reasons. First, this area represants t'te

"‘*l.‘ , -8 . N

'first attempt that the school mgkes to teach “what might be recogn:lzed

L]
.,l —~ -

Qbh

as - formal mathematics. Sécond, a lot of work had heen done at the
f

Wibconéin Center (e. g., Moser, 1979) on logically analyzing the
semantic-syntactic relati%%d‘ip for these/matbematical skills as they
apply at the early elementary school level. Third, var:loﬁs
researchers had identified.several strateéiee used-hy §Oung cﬁildren
to solve elementary addition and subtraction prohlems when theyfwere
presented in either physical or verbal mode (see Carpenter, Moser, &

3

Romhets. 1982Y. Finally, a clinical observation_schedule for

-

assesstng performance on Some. addition and subtraction tasks had

: recently heen developed (Carpenter & Hoser, 1979) .

. "‘-.
To solve a typic‘ai addition and suhtraetion problem, one first

-

must undarstand its implied semantic meaning. Quantifying the ele-

ments of the problem comes next (e.g., choosing-a-unit and counting

how many). Then, the.implied semantics of the pro/bliln must be ‘ex-
pressed in'the syntax of -addition anda suhtract:lon._ Next the child .
-must be able tQ carry out the procedural (algor:ltl'm}lc) steps of adding
and suhtracting. Finally, the results of these_operations must he
expressed. ‘Children bring to suchrprohlems oe}l developed counting
procedutes, some kn'owledge' of numi:ers, and some underetanding of

physical operations, such as "joining" and separating, on sets of

objects. Thus, from this context reséarchers have a unique opportun-




’
1 *

ity to examine Gariatiqhs in how children’ process information prior

¥

to; du 163, and after formal instruction. Studying how children learn
pﬁénomenon addressed An this book.

*basic addition and subtrdttion senantic forms were identi~
‘Fled by Hogex (1979y: - : \ o
L] ‘\‘4 bo- . I
. Jjo ihing-—the process of‘putting together two repre sentations

01.-

!
which have an attribute in common to form a single\;eprecentation
LR N

with the same attribute,

;separating-the reverse of "joining" in that it represents the

[

taiin' apart of one representation with a particular attribute to;
make'tWo representations with the same attribute as the original;
dif erence--the process ‘of determining hoWach more {or less)

3
nhé 1arger (or smaller) representation is thaﬂ»the other;

o

Egrtepartwwhole-a stdtic re1ationship that exists botween a

/

representation having a particulaf gttribute and two of 1

£ g

component parts that are‘disjoint from each other, and

egua 1zigg-sthe process of msking two representations the same on

o

? part;cular attrghute. AT o
To builc the connectio{-he ween a semantic forn and rei:vant
syﬁbolism, oﬁe form vhs used as g model to introdcce the symboliem.
civen that there are many semantic forms for which Lhe same symbolic
sautence is appropriate, the pedagogical problem is how to relate the.
syﬁbol:am with tﬁe sémantic probiems Trefitionally, the syubolism »
_has bcen.taught inéependeut of word problems‘ Thep often the symbolic
ovoceou:gsrﬁera taught, and some word problems ware assigned so that
-studanqs-cﬁgld &pp;y‘their symbolic procedures. ”No gserious consider-

] - : . . SN
ation was given to the semantic structure of thé problems. It is no

-




surprise, then, that for different‘types‘of problems students found

1ittle connection between the problems and the symbolic procedures

they had been taught (e -39 Vqrgnaud, 1982). T £

When developing."m‘ﬁ’.s. we recognized‘ this probvleln and decided to

V 7 ' ',, s . )
_use one Semantic context to introduce and give meaning to the symbol-
- - . L . -
i'sm and _then to relate the symbolism to other semantic situations. In

.- 7

. &
- the initial version of- DMP, equalizing was used This context proved

s - e T

to be difficult for both teachers and students whenéfxamining other

use‘mantic forms. A rev:l.sed set of materials was later developed in

which part-part-whole was usedﬂas the basic.context (Koﬁba.&-nosgr,_

1919, 1980).

¢
)

The strategies identified by scholars (see Carpenter, Moser, &

-

Romberg, 1982) fncluded the following: _

1. use of knowledge or "Ba‘eic number facts” whether simple ("How
many children if there are 4 boys and S%girlo?“) ok complex, when
the'calculation rehuired a rather soptisticated applicationiof a

known number fact together with some mental maniﬁulation of the

*

.

numbers involved d . -

use of representation skills uhich usually involved the modeling

of a number given in a verbal mode with objects or pictures,
-t R
use of counting-counting all, counting on, oxr counting back-~all

with or without use of physical or pictor* 1 representation -

involving one-to-_-one correspondence.
S ) o .

Of significant interest to reeearchers and_teachers must be the link,

if any, betWeen the logical analysis of the semantic forms' of problems

and the strategies children actually use to solve such problems. ’

7

-




w - Vo T e o
) m‘;ﬁ:;iupne 3 )/ : . - > o .‘ : | .
‘;: : ‘_ . . Several point; wére poted.@t the outset of this pro;ect. Firat, ’ g
. ' . many‘chi%Pren seemed to ﬁave developed the "priuitive or ¥child"
y ;._ . ; 3 strategiesfpiior to s;ﬁgol 1earning ex;eriences§or at 1;:at prior to .
’ }. - : consolidsted'“efficient" methods of 3o1ution.

= .+ ,formal instruction o7
Second. the logical analysis of the operetiona would seem to inply

r‘I -
as the number of/ semantic forms is increased, or the numbers hecome

' /
- ///that these initiar stfategies would becope “more an&ﬂmore inefficient
P

e e e oA — e - - —— ,,_ . —

larger, or th;/;umher of steps necessary for aolution increases. '

. oty - ) Thuse, it would‘peem to be 4 reasonable goal of mathematics instruction
" “I’é- f"' * >
o J“i;w * to teach mote formsl generalizable algorithnic procedures for solving _
- -/’- . - N ) L
£ the variety of ‘addition and subtraction prohlems. v . Lo f
[ A \ R \". L
” 5 However, 1itt1e is knowm ahout several aspects of this process L

" and a*ﬁumher of questions arige. How will learning of the msthemst—

.o I'—. -ical. procedures be affectedJBy-the degree, type, and success of the -

fy&imitive“ problem~solving strategies ﬁossessed‘hy the individual Oy _
. . L4 - ' . . L
R ;ehilﬁ? How do the successfoi children finally put together their_

.ﬂ;‘ // "primitive" strategies witﬁ the formal matbemstieai'modes of presenta-
)/' . tion? How does thé teacher adapt instructiod to take account of the

/ child’'s demonstrated level of functioning in this area? Raising these:
/ . . ' \ . . "
/ questions leads to a consideration of the relationship of gEEerall ;
' " A T

.,// y cognitive functioning to performance by children on such problems. _

-

7 , . Classroom Instruction - N

" Altﬁough the focus. of this investigatioo“ﬂus on the coEﬁitive
capacity of cﬁilqten and how theyﬁsolve oerhal problems, the chiidren :
tf . are being taught to adgdand subtract in_schobl. To captute gome
aspects of c}asstoom quttuctioh. ye deoided on a strategy that

involved-data-gathexed on-a sample-of-studentswteacir v TEEgiade e
: . ‘ _ — :

¢
. - Lo - 2.- e :
. . - . ' -




1eve1§;tg?5des_l, 2, and 3). It is at these grades that addition and

sabtraction skills"are taught. The saqple’bf students was to reflect
| differehces in cognitive capacitf. .. Lo L %
) : i i S .

5 Second data on the performance of the students would be

1

gollected using an achievement monitoring battery recently developed

3

' (Buchanan & Romberg, 1983). This battery provides information on a
variety of aapects of adding and subtracting, and in several . h
LN |

administrations profiles of growth can- he obtained The profiles then

can oe used as indicators of the effectiveness of -instruction. .
Third, we decided to observe teacher actions; pupil‘actions, andﬁ
teacher-pupil interactions for\thoee children at each grade 1eve1 wh
differed in cognitive capacity. The propositioq_that teachers make/ a
difference _has been-central t%_much of the\previocs-work‘done on,
mathematics education at the ﬁisconsin'Center for Education Research.,
For example, tHe steps in the IGE Inatructional Programming Model/ -
(Klauaméier,_1977) are all descriptions of actions teachers are fo
take. .In addition. as DMP was being deveioped,'a set of_hehavi is wa?'
. apecified for teachers to use in teaching the program. Despit these -
efforts, little evidence 1is availahle to suhstantiate the iap rtance
of téacher actions. Berliner (1975) prohahly pointed to the reasons
for this 1ack‘when he identified a long list of prohlems fafing

—— 5

_ researchers who attempt to examine the re1ationahips between teacher

héhaviors and pupil performance. He saw_ methodology as oﬁe major

category of impediments to progress in the area, . f

.'

The primary methodological proulems that Berliner,&dentified were

the inadequate framework for the conceptualization of teacher tasks

o o
and the assumed direct reﬁationship between teacher sks and pupil




g - & n. "\ .
performane. it ie possible thst thb. ]Qgicsl snslyses of the problem,
- ; b
subseﬂuent to Berliner' 8 rsthsr pestimistic ovetﬂieqa are ss f&r from

§ Ce

.the reslities involved in Ehe.classroom situstion 88 the apalysea

-

csrried'out on'mdthéhatics Cur;iculum'progrems in the 19508 and 1960s
or the logicsl spplication of genersl psychologists theories of
development snd lesrning to mathematics programs of stdecsde BEO.

Perhaps vhat 18 needed is s*fresh look at the problem. - ST

N
2

In this study We decided to concentrate sttention on the

teschers' sctions as they related to children of kmown cognitive
s ' N
characteristics and, moreover, on the same children's reactions
-& I
related to the teachers' initisting sction. The spprosch should make

some move tOWsrd both sssisting in conceptuslizing the teschers resq

tasks and tes§ing the notion that the tescher has ‘sone discerniple

" - -
r . '

effect on the pupil’s pérformance.

Another major criticism made- by Berliner wss the 1sqg;_;: that

« P

time, of instruments thst gave the resesrcher a clesr understanding of
oyt

-

the meaning of data_gsthered by objective tests or surveys. Moreover,
PR S .

"even when obseertionsl techniques were employed,.it“ﬁss not usual to-

code pupil sctions. We decided to take sdvantsage of recent advs ‘e

—
e ——

i s in tHiE; - d £
in research tools in fhi“'“ea“PY“”?i“3~$95~5555535fff_ff“31°P or
i : : - —_—t ) i
the study of imatructionsl time with DMP (Romberg, Small, qsrnahan;“x"**‘“—“—~~4f‘
‘Cookson,11979). Thise instrument takes into sccount the behavior of

bothtteacﬁers‘snd c@ildren.
! o

Conclusion
The studies were designed not only to gather snd snalyze dats on

the four_perspectives set out above,_but slso to exsmine the intersc~

tions between the ddts setsw-Obviousaly, there are a number of  °

%

- ) v
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i
3

interactions'whicﬁ"bould be of eonsideraﬁie interest, hu in‘riew of
our’ 1nterests and'td’break seme new - ground*de d;;ided to concentrate
> - AR
:n the interaction between the child's cognitive processing capability
o and the other data’ Bet&. o F“ ) N SR

w

We first identified a _sample of children ‘aged & -8 years with

—_———— e e o - . »

Specigic cognitive characteristics. Sanle selection required measur-‘v

. ing MQSpace (Study 1) and measuring cognitive developmenti(Study 2) of
;—:—*wﬂm-mw-———a—popqlation of—6w~td—8—year-olds Next;—we“studied“the“dhthematice
performance, strategies used, and instruction provided theisample over

a three-month period. In elintcal interviews the childrenﬁp perfor-

‘l

mance and strategies were determined with a set of verbal- additidh and

\ |

subtraction problems (Study 3). Achievement was measured withla set.

of standard written addition and subtraction tasks (Studz 6) The

nature of the instruction provided and’ chilﬂren g actions and\engage-

I t

ment were determined in classroom observations (Study 5). ... !

We assumed that from this set of studiea we would be able jto
- lf - - B - ! -
relate performance it a giye? time (in terms of ‘level”achieved jand

strategy adopted) to the child's cognitive capability and to a!speci-
fic set of instructional agtivities the child has been engaged with

In this way, we could conéider varioua questions about change in

¥

perfbrmance'and strate ndwtheirmgossible causes: - |’
4

The various resegfch techniques’used, the data gathered, and

their analysis are d'scribed iﬁ the next four chdpterse Chapter°2 is
concerned with the means wé uaed to characterize the cognitive proces-
sing capabiliti s in Studies h and 2. Chapters 3 and 4 relate the

cognitive_leve of each group]to addition and subtrattion prquems.




In chapter 3 the individual clinical interview d&ta coded for both

’

performance and strateaies uged by the child ia presented (Study 3)

In chapter 4 achievement on paper-dhd-penc‘l teeta of additionmand

’ W

subtraction-islpreaented In chapter 5<ﬂe)httempt to teIate cognitive
9 L .
level to teacﬁer—pupil interactions.' chapterQG provides a auwmary oﬁ.

the findings and some conciusiona\yhicp\:raw together thé understand- °

ings obtoined through the Ptudies‘;nd au

ge?ts dome direction for -

further research.

| In 1979 the Research,Committee of the Graduate School, at the

iﬁhiversisy of Wiaconain-Madigon, the Wisconsin Center for Education

'Research, and 'the Univeraity 'of Tasmania jointly funded the principal
inveatigators ‘to carry out the propoaed aeries of atudieg relating

Ichildren a cognitive capacity to their performance and to the :

: | strategies they used when working ?dditipn and aubtxaction prfblems.




Chapter 2 /

IDENTIFICATION oF GROUPS o? CHILDREN wao DIFFER N

v cﬁcurn_v.a pmcnssmc QAPABILITIES .

v . e L e, v
F

[
(‘"

In this chapter the classificatiOn of children nto grdups

o according to their cognitiVe procesaing capahilities with mstheﬁﬁticaﬂ
| msterials is presented. Cognitive processing caphhiliny is a derived }
categorization label based on a combinationwgf mpeasures, of working
. memory capacity (H-space) and measureo of Lhe level of cognltiVe -
deye10pment_as determined by the-Piagetian nodel.‘ The H-fpnce mea-
—snres vere the hasis of the classification of children inlo cate~

gories, while the deVelopmental tests giVe an indication of develop~

Imeotal criteria which are applicahle within each category.

z
L]

The Ponulation

All of the chil'élren in Sandy Bay Infant School in Hoharl: Tas-~ /

] o

mania, were tested for this stuﬂy. The school is located on the

JR— P ——t D

L]

Derwent River in Sandy Bay, a subutb of Hohart near the UniVersity of
hy

Tasmania. The community iq middle to upper*middle class. Table l

\
gives details ahout the age/grade characteristica of the samp le and

« \
" number of children involvedh

k)

L]
. T

. Tést Administration

A research assistant and two experlenced teachers wére hiree to

administer the -tests, All wexe trained before the testing proceeded, :J

Qn‘ interviewer administered. the Counting Span‘test;_a second the

W . - . J .
Mr. Cucui test; and the third the Digit Placement and the Backward

4 Fl

125 -,




! 2 Table 1
1 . \ ) . .
Age/Grade Cﬁargcteristicéaof Population

-— 3

ErT

, 's, 0 0188.8 and Grade /:

e

-y
-

‘Characteristic 1z, 3 .4 5 « 6

. K~AM  R-PM _ Prep .Gr. 1 ' Gr. /27 '6r. 2 Total

Boys . ,/{ 16 8. 8 15 15 73
Bumber Lt L ‘ )
) Girls -9 - 13 14 9 12 66

- L]

. Total 25 20 21 22- 2% 27

-
B

Youngest 4.9% 5.0 5.4 6.2 6.5 7.3
Oldest 5.1 5.7 6.1 7.3 8.2

Average 4l 5.4° . S5.10 6.7

L

*4.9 means 4 years 9 months as of October i,‘19?9.
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Digit Span tests. Children were randomly selected by thelr teacher t°.§

come to the interview room and randomly assigned to an interviewer.
Hoat children took two tests on one-day and the other two a day or two

later. All teating wae>conpleted within ten days.

~

\/ 6
Study l--M-space .

+’

_ Information processing theories a"‘?.fi‘f‘?ﬂ_‘,’_“ the idea that mental
functions can be characterized in terms of the way information is
etored; accessed, and'opergted:npon.f Mental structures are diacuaaedz
dn téims of an intake register through which information from the
environment enters the system, a working or 3hort-term memory ‘
(H-space) in wnich the actual information procesaing occurs, and a .

long-term memory in which knowiedge is.stored.

¥ [}

The working memory's growing capacity to process information
appears as a fundamental charactcristic of cognitive development in a

) nutiber of theories (Bruner, 1566; Case, 197oa; Flavell, 1971). Young

children are quite limitéd in their ability to déhl\with all the

information demands of complex tasks. ' Their limited capacity seems to

be a critical developmental factor which constrains learning in

instructional situations (Case, 1975, 1978a, 1978b).

Pascual-Leone (1970, 1976) proposed a theory which operational~

izes the development of this information processing -capacity or

H-space. Accordiné to this theory, learning is'a change in behavior
resulting from factors extrinsic to the PSchological ayatem.* Learn~
ing produces a change in the repertoire of achemea (internally repre~

gented behavioral units or patterns) available to the subject. Since;

M-space is limited, the number of information chunks which can be

S 28

s




?

-

coordinated to produce a new scheme is Limited. Therefore, the ~

complexity of schemes learned:is also limited; the processes of

learning are constrained‘by the &eveioping psychological system.
Pascual-Leone's theory is céncerned Qith the funcpional aspects of
?evelopment!and tﬁe mental processing of 1nformatioﬁ. lLearning
through instruction depends on the child's capacity to p?qcess all of

i \ ' *
the, essential incoming information:

-

To generaia hypothéseé about-~children's performance on specific
{
tasks, both the informgtion processing capacity (M-space) of éhe_child

and the information pfocessing demands of the task must be known.

N 1 -

This study addfesses the problem 2? assessing information brocessing
capacity. | .
The rationale for giving a set of different tests tb measure the
construcélis based qh‘the results of two recent studies, one by
Hiebert: (1979), in which the measure of:ﬁ-spacq,(ﬂgz;;:;; Digit Span)
proved not tc be predicéive of learning mathematical skills, and
another by Case‘and Kurland (1978) iﬁ which three different measures
of H-space (Counting Span, HL. Cucul, and Digit Placement) were given.
Although in Case and Kurland's study, positive correlations (. 50 to
,60) were found between the three tests, the consistency between the
measures was not high. Recent work bj Case and assoclates (Case,
Kurland, Daneman, & Emmanuel, 1979) suggests that.it may be very
difficult to construct any one general measure of M-space which will
predict performa on a wide range of tasks. Their data/ indicate
that task variables may be more %mportpnt than pfeviously supposed in
determiniﬁé the M~space demands of a particular task, Tﬁus; we

_‘decided to use the three tests from Case and Kurland's study along

-




with the Backward Digit Span test from Hiebert's study to see if .
. , )

togather they would yield an estimate of a child’'s M-space. The testd

chosen also seemed appropriate in terms of the task vaxiahles involved

in learning to add and gubtract.

Procedures

The Tests

Counting Span. This test was developed by Case and Kurland

(1978). Conceptually, it is straightforward. The operation require

is counting. The items which must be stored are the products of a

Y

series of counting operations. Children are presénped with a sequepce )
of arrays Qr geemetrié shapes to count and are asked to recall the
nunber of ohjects in the arrays preceding the current trial as soon as
they have finished counting the-shapes ‘on the current stimulus card.
fhe number, of arrays in the set iL incr;mented froe rrial to trial and

| “

the child’s M-space 1s assumed to be equal to the maximum numher f
arr;ys wh}ch he or she can count while maintaining perfect recal . -
The/test includes 33 items. 'However, at most, only five itkms
were sc;red at any one of five M-space levels. To reduce-the tgtal.
number A: trials e'modifieq "ceiling basai“ method was used (Bathelder
'& Denny,‘l9??). Children were presentednhith sets from different
‘H—space'ievels untii it¢ was determined at what le;el they pass d and
at what lepel they failed. Theywere then presented with a larger
number of trialsluntil the level of complete success and the level of

complete faiipre had been determined.

Mr. Cucuii' This mepsure was designed in Pascual-Leone’ lahpra-

tory by DeAvile% for use with children with an imperfect com?gpé of

30
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English (DeAvila & Havassy, 1974). ‘It was quick to administer and

suitable for use with foyr~-year-olds as well as older children.

-

On each trial._children are presented with the outline ofiHr.
Cucui. After viewing it for five seconds, they are told to- remember
uhét parts 9f his Qody are célored. Tﬁey are then presented with a
ﬁlank outline drawing of Mr. Cucui and toid to éoint to the parts
which were colored. There are 25 items; five different items at each
of five }evels; a level is dgfiqed a? the number of body ﬁa;ts which
are colored. |

This test is the only oné which does not require the student to

-
ry

) v ot . )
count or use numbers.. Instead, recall of ébatjal location is required.

to respond correctlﬁ._ Thehcgiling-basal method !as followed for the

- 1

CountinS'Span test. v - % -

Digit 'Placement. This is a measure of H—sﬁace which was devel-
i | -

oped and étandardizedfby Case. It is known to Vield the sqpeinotms as

other tests of M-space (cf. Case, 1972), and t léad'highly on the -

) \ - . ‘
general factor defined by more lengthy M-testg such aS'Yascual-L'one's

-

GSVI « ase & Globersﬁn. 1974). The basic prqcédure is to present

subjects with a set of numbers. The first © ~ | of ?ﬁ@"&?ﬁ&re fn

ascending order of magritude and the uth ig out of order (e.g.» 25 5,

9, li, 7). After the numbers have disappeared from view, the childr?n
- : J

are asked to indicate where the final number belongs in the original '
series. M-space corresponds to the maximum set size for which the

—— N . '! . .
task can be executed successfully. /For this test, there are 15 items,

five for each of three levels; lefels 1 and 5 as measured in the two

tests gbove are not tested. All items were given to each subject.
' /
\
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Backward Digit Span. - The form used in this study was developed
by Hiebert (19&9). On each trial, the experimenter reads a series of
digits. The subject is to repeat them in the reverse order.  M-space
coéresponds to the maximum series size correctly repeated In-this

test, there are 40 items (10 at each of four levels; level 1 as
L} .

measured in the first two tests 1s not tested and all items Were given

to each student. -

~

¢

Scering_rhe Tests =
Although\each item could obviously be scored correct or incorrect

T3

[ # -
and the total correct counted to estimate each child’s M-space level,
there were at least two sound reasons why this procédure would be
inadequate. First, since sets of-items in eaéh test were designed to

‘ f
measyre different levels of M-space item scores would need to be

weighted to reflect those*levels-especiallyIhs two of the tests did

not aim to measure all five levels. Second,fsince the "ceiling basal"

f

procedure was used with two of the tests, sqpe items Were not actually

_ administered to each child; items not administered but at a level
15

lower than where the child responded correctly were scored correct and

1

a11 items at a level higher than where the child responded correctly
vere scored incorrect. S

Four scotring rules were devised Eor each testn The fullﬂdetails-
regarding those are availsble in Romberg and Collis (1980:) and will

not be reported here. The scor..g method S3 was finally deemed -the

.

most satisfactory, and was used in analysis, and is used for, the

discussions in this chapter. The general rule,fon scoring the tests
o :

was asnfollows:a

-

At

S. =142 +12 te. .2

53 1t %
32
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H r
where n = the number of levels represented in the test
T

and 5

where Zi = 1 1f 4/5 or 5/5 itens were eorrect, otherwise

'Zi = 0.

Do not score Z

-

-~

F
i+1ifzii‘1.

The only difference was for'the Backward Digit Span test for which the
. - L
following line was substituted:

where Z, = 11f 8/10, 9/10, or 10/10 items were ‘correct.

Results .

-

Table 2 shows the frequenoy of scores (ﬁLsrace level) for
children in each class and for the total population for each test, In

addition, class means and standard deviations are presented

[

The basic distrihutions of scores for the four memory tests

r

provide two interesting results. First, although older children

generally have higher scores, the overlap of'scores sobng children at

-

different grade levels .is quite striking. Scores are clearly age-

related but do not appear to be specifically determined by age. ..’

4

Second, the variation of M-space level for individual children across

tests’(note Yariation in withio-class frequencies across,tests) could
imply that the cont'ei:t of the text may give students a cue which helps
them answer questions. .In additibn, if partial level scores are
allowed for children answering items on g.test at a higher 1eve1 than

they can be credited with under scoring procedure S,, it i8 a reason-

3
lee deduction, on the-evidence from the protocols, that the move from

. one level of M~space to another is gradual.

]




Table 2 -

o Frequency of Scores for the M-Space Tests

" \\\ ' Score.
1

T T T

0

LR

Countihg'Spag Test

- .22
9
11

1

63 25

. Cucul Test

(1) K-AM , 12
(2) K-PM S §
(3) Prep - 12
(4) 6r.1 P 9
(5) 6r. 1/2 6
(6) or, 2 , 6

Totals ' 25 ‘56 32

Digit Placement Test

(1) K-AM - . 24
(2) K-BM 20
(3) Prep . . 19

(4 or.1 .18
(5) _Gr. 1/2 12
(6) ©Gr. 2 - 5

' ¥

Totals ' 98 12

i -
L B * -

Backward Digit Span Test

(1) K-AM 13 12
(2) 'K-PM§ ' 2 18
3 - 1 . 204
(4) 18
(5) or. : 16 _
(6) Gr. - 8

92
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Relationship of Scores ‘on the Tests
., Each of tne tests, it was .,hoped, would reflecé the amount of
. b
M-space available to the children with early math related material.
HoweJer, the tasks‘are different, the ,Btudent population cdovered a
wide age/grade‘range; and children's scores demonacrated considerahlel
’variation An performance; -Thus. it was\important do investigate with
some care ;hether the different tests yielded similar classificationa .
of children. Three statistical procedures were performed cn the data.
(1) a correlation matrix was set up to sghow "the correlatibns between
3 - !

the scores from the four tests for the total population; 2y tne data
for all pairs ;f tests were cross tabulated to see how many classifi-’
cations were che sade;iqnd (5) ; factor analysis was pérfcrned od the’

correlation 'matrix to determire the dimensionality of the scores.

_ Correlations of test scores. The correlations (see Table 3)

vhile all pobitive and statistically significant, are not particularly

high. The highest is only .64. It seems clear that different tests

will not necessarily clasesify children into the{semelﬁdspace levels.

Cross tabulations of scores for the four tests. To exdmine the

similarity betweken classification schemes based on the four tebts, we
e

cross tabulated the data for each test with each other test. The

proportion of students who were classified;intBTtﬁ; same categories

andEinto_different categories in each comparison is shown in Table 4,

The ﬁercentage of indiyiduals who were differently classified in the

-

cdmparicons range from 68% to 46%.
, /-

e This cross’ tabulation demonstrates that the tests classify
s

children in different ways. Af these different classifications are

along a single* dimension, thgre is not a serious problem; it uould N
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v .. Table 3
Co::elatiohs of Scores for the Fo Memory Tests
MC

Test o CS /

" Counting Span'(CS) . . 1 00 /
Mr, Cucui (MC) 1.90 Lo

& . -
Digit Placement (DP) 50 7/ 1.00

Backward Digit Span (BDS) ) . .64




Table 4

Number and Percentage of Classifications Which are the Same, Higher for
the First Test, and Lower for the First Test for all Test Comparisons

o

4 -
.

Test Comparisons {A/B)

-
Classi- CS/DP + Ccs/MC CS/BDS . ‘DR/MC. DP/BDS MC/BDS
fication N(%) N(Z) . Nz . N(Z) N(X) N(Z)

1
i’;ﬁg) 58(42) . 47(34) 75(54) 49(35) 44(32) 57(41)

Higher CL _ ) _ ,
. (4>B) 36(26)  16(12) 13;9) 19(14)' 31(22) ,55540).

tower usG) 76(s) 13D TLD eaee) | -27(19),

"™ “Hote: GCS = Counting Span
DP = Digit Placemefit
HC = Mr# Cucui ’
BDS= Backward Digit Span




mean that each test 1dentifies different cutoff points on this one

dimension. However, 1f these tests are found to measﬁre more than one

dimension, then different thiﬁga are being measured by each test.
~ .t s .
Factor analysis., The results of the cross tabulation made -the

. Question of examining the dimensionality question more critical. A

factor analysis vas performed on the correlation matrix presented ‘in

Toble 3 for the four test s.across the tothl porulation. The)model

- - ) -

used was a multifactor solution model. Ail extractions were principle .

factor extnfhtions with iterative estimates of commonalities, and the

+

varimax rotation procedure waa used. The data from this factor
hoalysis.appear in'Table 5. A singlé factor wag extracted. However,
io shoold be noted toat ﬁr. éucui test+did not-loao heavily on-this
foctor, and a considerable amount of the variaooe is still unaccounted
-for. The Mr. Cucul test is toe only'one of tho four whicﬁ ooeé not
ask children to count, suggesting tﬁat,the facpog_is"Q/ﬁ;éotiEative
M~space factor involving memory”of number or'counelqg_aeqﬁences. The
Mr. Cucui test, on the other hand, requires-;emory of sp?tiagtorienta-
tion. ‘ . - J T\\\ |

In summary, the foor-oests measure one'primary faéior, qugﬁtita—“

“T\-——-—-’ . .
i 1tive M~space. Thus, to classify children into M-space levels, it

¢ »

y Would seem best to administer a combination of testsros'was done in

’.ihis study and then classify the children with regard to that underly~-
ing structure. Mo one test alone, it appear§§ could reliably classify
individuals into an H—space level. The next s;;tion indicates that a

classification made on the basis of the results of perhaps three tests

should ‘be ai{ly reliable for most individuals. ' e

"




Cgabte's T

|“

Factof Analysis for the Fout-Memory Tests

1

3

Factor

1

‘Eigenvalue ' ' - 2,59

-
4 -

Lo W
2 variance - 64.8

?!aw (rotated) factor matrix
\ St

‘l‘, Cqugt;ix;g Span o .4.4(.56)

-

b_j..git Placement . T .54(.73)
. _ o

+

Mr. Cucui . .30(.37)

_Bag_:kwar& Dig_it» Span . 444.51)

&
L]
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CluSter Anslysis N

; Since*ché{factor analysis showed that one dimension accounted for

@

nearly 2/3 of, the variance, it seemed desirable for the next stage of

, the project to classify the chilaren in the,populapion along this

' single dimension. A cluster—anaiysis procedure, which uses-Euclidian
distances between poinrs. was used for rhe classification°

This analysis indicated that Lhere were six viable groups.
_Table 6 gives the estimated group vectors‘;tr six groups identified

PE the analysis, the last four groups (3, 4, 53 and 6) weré closer
\ ..

togeth?t than Groups 1 and 2 This suggests that Groups 1 and 2 are

' dg.st:inc_t and that Groubs 3,.4, 5, sud 6, while different From cach

other,_are'less distinct,

, Ll

R Group 1 isllargest with 59 members, For the tests:separatel;,f..

Ehe levels for'ﬁhis group are €S, level 1; DPT, leveﬁll; ﬂDS{ leeel 1y
and M, level 1. This group is clearly at H-space level 1, the 1owesc

M—spece.level in,the domain Being'heasured: Only for Backwafﬂ Digit

. Span could some children be placed ‘at level Z. !

L

b

Gnoup 2 has 38 members. The levels” for this group are C§, level

o°

-.2, DPT3 1eve1 1 BDS, level 2; and MC, level 2. These children
&

exhibit a basic M-space lgvel 2. They dre below thegnlevel on the

nigit;Placement‘tesE and nearly reach level 3 on the Mr. Cuci test.

‘"

. . y e .
These differences seemed, from the protocols, to be due to contextual

oL I
- | .
LI - y .

o

lThe usual Euclidfan distance between points in four dimensions was
1, ‘} .
I] .

k4

nsed, t.e., -~

Lo - 2- . y 2 c. 2
. _':. d'sl\[o(‘xl- - YL?\ +. (82 - Yz) + }3 - }'3) + (126 - Yq)

&

- 1
P T L T LT
-




Table 6

Estimated Vector for tﬁe.Six Groups Derived from a Cluster Analysis
Where the Distance Between Score Vectors is Less than 1.50

P
g w7 - 1

Croup Amaigamuted Number of Overall M:space;’
- distance children “Cs classificatiop“i

1.05 : . b * :'1032

]_.044 |' 1!90
1.43 - - o 2.25
1.03°

1.06




factors: $s found the instructions for DPT more complex than the

pthers; and either spatial perception or ability tg.check information,

contributed to scores on Mr. Cucui. - . “

-

| Group 3, with 16 members, scored slightly above| level 2 on three

r - ?J

tests and nearly reached level 4 ofi' the Mr. Cucui Test. Either their
_spatial perception is quite high or they ‘are able to chunk infbrmation

on'that.test, bl they still exhihit a basic M~-space level of 2. We
4 -
have laheled .this group level 25+ to highlight the fact that these

gchildren are ahove that level on the one spatial test.

, Group 4-has 11 members. “on tvo tests, CS and bBS, children are
at level 3; on DPT they are at level 4, But o the Mr. Quﬁui test,

they are only at sevel 2. Their basic H;éppce level is probably

level 3. The spatial petception involved iﬁ Mr. Cucul appears rot be
} . :

be as highly developed at their quantitativé‘abilitégs. Therefore, we

b .
i t . . Tt

LY

have classified them 3§-, ‘ ‘ X

Gfoup 5 has only 4 members, who have a Bimilar pattern of levels

.

to thosa in Group 4 except they score very well on Mr. Cucul. Their

-

basic pattern seems to place them at M-space 1eve1 3> and therefore we

. have classified them 3S+.__ \

B R Vo .

R

- Group 6 has 6 members. They are basically at H—ﬁpace level 4.

.

They, are at that 1eve1 on th: 2e tests but score below level 3 on

\

Counting Span. it is not ciear what the discrepancy onxthis_test_

[

Lo . !
* implies, and the protocols did not assist in thils case. ‘It could, of

“courge, be simply a sampling/testing variation especiallyﬁsince the
Yo . «i i
- numbers in the category are so,small This qpria;ion needs closer
‘\\ ‘l .
examination than we were able to perform in this athdy. However, this

group lower than Group 5 on the Mr. Cucui test, but overall their
st . . .

.




i

-

i

quantitative gkills are at level 4, Therefore, we have labeled them

48-. L/

4

A4

Overall, these results suggest an underlying cognitive mechanisn.

The contextual setting, number or-spatial orientation (quantitative or

qualitative) has a significant effedt. on the child's ability to
respond on any given occaaion. This sﬁows nossible.siﬁnificant
problem solving strategy/instruction reception differences between
groups with the same basic cognitive processing potential-_ One could
h othesize that spatial development‘(quﬁlitative) and number develop~
nent (duantitative) strategies appear to be interwoven and- occur close‘J
;

togefher in time, but some children achieVe number skill prior to

fpatial skill and others vice versa.

§Eg§! 2--Cognitive ﬁevelopment_

The reason for w%ntins a battecy of tests which nedqure cognitive
develcpment is rooted in the theory of Jean Piaget (1974). For
Piaget, cognitive development 1é embedded in a deVeiopiné human
system. The develqpment'of cognition is inséperable f;cm the groﬁﬂh
of blological and psichological faculties. Development is a ﬁroad-
based process, generaii?ing‘to a wide variety of situations, ‘

Piaget's position is summatized in the follouing statement:

I think that development explains learning, and this 6ption

is contrary to the widely ‘held opinion that development 1is a

sum of discrete learning efﬁeriences. (1974, p. 176)

The phrase "development explains learning" implies that the outcome of

a learning experience is in part accounted for by developmental

capabilities. That 1is, learning potential is defined (or explained)

_ to a large extent by developuental level.

iy
M




For this pro

+’

‘on the early deve
sted the whole poQulatijb to relate

+he M~spaée tests.

" The Cognitive Develqpment Tests

P

As stated earlier, the choice of specific tests jaa based on our

- +

inteat to exemine the relationship of cognitive capability to chiiﬂ
dren's performance on addition and aubtr;ction tasks.
' ) Of/phevlo téats, 7 were aelécted from a large battery of te;ta
constré;téd by Fullerton (1968)} 2 from tésts devised! by Romberg, :.
Cﬁ;peanr, and Moser §i978); and one was constructed by the authors
/f;f this atgdy. Details of each of the tests can be found in Romberg

/ .
/ and Collis {198Cb). - .

Es . N

Extension (E). This group test was developed by| Fullerton

-

e

(1968). childrga are to decide which of three choiceihoxea has the

y 7
same Number of dots as a sample box. “The.term extension refers to the

.

fact that the number sets extended beyond thé usual level of subitem-

ization to a higher portion of the numbér scale. The test contained
Y F ! . .

”» M . ’ L i
12 items. The number of correct responses was scored.| A correct

angwer was interpreted o mean that the child was able to, set up a

L
-

one-to~one correspondence between sets. \-‘

Ordinal Correspondence (0C). In this group test, also developed
by Fullerton (1968),.:Be format for‘the items was similar\ to those in
the Extension teéﬁi This test also cqntained 12 items. f e number of

- - f

- B
correct responses was scored. A correct answer was interpreted as
. v ' 1




meaning that the child was able to establish an ordinal correspondence.

between sets. f : .

-

Ponseruationwo£-Nunber—{ﬂohuill, CN-W). -This group test, also

developed by Fullgrton (1968), was based on an earlier test developed
by Wohlwill (1960), Six items were given, The number of correct
responses was scored. A correct response was intexpreted to“nean'that'““ -

the child was able to preserve one-to-one correspondence bétween sets
. ) o

after one set had beén rearrané\F (i,e., was able to overcome percep-
l

tual distractions)ﬂ .

-

Addition-Subtraction (Wohlwill, AS-W). The items for this.group
-1 . P

test; also developed.by Fullerton (1963) and based on ﬁohlwill's

by
earlier work (1960) were inEerspersed nith those of the prévious test

) CN—W) because of the similarity between the two tests. This test
differed only in that a single object was either added to or

subtracted from the collec?ion of objecta in front of the children.

| - .
!

In this case a correct response ﬁas interpreted to mean that the child .’

+
o+

was able to recognize thet an increase -or decrease in one of two sets
: oy
in one—tomone correspondence means these sets are n6 longer in such

correapondence. Six items were given and tha number correct scored.

Transitivity (T). The authors developed this’ six-item group test

because the Coordination oi Relations Equivalence test (CRE, described .
next) requires a ‘child to attend to both transitivity and a linear
rearrangement of set;. The present test wao deaigned to assess just

transivity. A correct response was interpreted as the child heing

-

able to presetve both equivalence and order relationships.« A total

correct score was recorded for each child.

b .




Coordinetion of Relations of Equivalence test (CRE). This

six~item group test was developed by Fullerton (1968). The items are

-

similar to those in the transitivity test except that the fixed set is

also transformed (iengtﬁened, shortened, or heaﬁe& toéether). A

+

correct response here was interpreted as the child being able to

4

presexve equivalence relationships even after resrrangement. ‘The same

scoring procedure was used as for. transitivity ¢I).

Class Inclusion (CI) This individually administered test of two

items 'was developed by anberg, Carpenter, and Moser (1978) A
correct response was interpreted as a child being able to logically
subdivide a set into distinct subsets.

Additive Composition of Number (AQH) This individually adminis~

tered test, developed by Fullerton (1968) includes three items which
ask'chiidren tobresnnnd to three quite different compogition tasks. A
corfﬁét.response implies-the child can establish an eqniﬁalence
'relationship by the common practice of sharing-and preserve snch a
correspondence when distracting infotmstion is presented

Counting On (CO).. This individually administered test was

developed by Romberg, Carpenter. and Moser (1978). The test includes

| mla
three ite for each of the three levels of counting on; small number

onto a nymber less thsn 10, small number onto a number between 10 and
26, and /a large nunper onto 2 number between lo‘nnd 20. The typical
questioh asked was "Could you start counting at 13 to find the number
;tat Z 4'more than 13?7 Children were marked as passing a level if

two of three items were angwered correétly. A total score was then

recorded of the nunber of ievels passed (0, 1;.2,,or 3).




= v

Counting Back (CB). This test is like formal co; howeVer, in

Fd

this csse the‘typicsl question ssked wss, "Could you count bsck

starting st 15 to £ind the number thst is 4 less then 152" The
:. " , .'l S o
scg;ing_procedure used/ was the same 88 in'CO.

i

Test Administrstion | L "

\

'y

Becéuee the order in which these tests were adrinistered wes

importsnt, and becsouse they would he administered to children of

.
A w . :

varying sges, two decisions werz made to gather the]dsts more effi-
; f
ciently. First, fhe tests were sepsrsted into four sets to be sdmin-

iotered at sepsrite times. Second sll of the tests wee given to all

children, The ?rsanizstion qf the tests and the rules for selecting

7

who was to ts which test are given in Table 7. The interview tests -

. b
i

and set 2 were given to ail children. A ¢hild psasing the two tests

in set 2 (CN-W snd AS-Hf/wss assumed ‘to have psssed set 1 and wes

_given set 3. However, if s child fatled either of the tests'in set 2,

set 1 was sdministeéed, snd’ the child wos sasumed to have fsiled set

3 . !}/ . ‘. ’ } ) -

. On the intérview tests one sssistant administered the Counting On

(C0) snd Connéing Bsck'(CB) tests, and the other sdministeted the

" Class Inclusion '(CI) and the Additi\re Composition of Number (ACN)

tests. Again children were randomly selected hy their tescher to cone

to the interv{ew room (the teachers’ lounge). Each interviewer was in
/ s

a corner of the room. Children vere randomly sssigned to sn inter-
/ _
viewer.u Children took two tests on one day.and the other two a dsy to

wo after., Shortly sfter the intervicws were completed the group

i

/ hstteries were given. Set 2 was kiven first to groups of 6~8 children

s

at g time from esch clsss. The resesrch sssistsnt presented the




.jTable 7

3

Tests ‘Included in Each et, Sequénce of Administration,
and Rules fo Selecting Subjects °

|

Set (cesrﬁs)' ' Rule

Interview / Cot All children
(ACNi _Cls CEO. ‘CB) ’ ’ .

L L

Set 2 | A11 children ,
(CN-H, AS-W) ‘ S

Ser 1 - Children failing either
(E, 0oC) . test in set 2
Set 3' - _ Children passing both
(T, CRE): tests in set 2




stimulus information for each test following a script and using a

large magnet board. The other assistants observed the children to

—_—

" make sure they were working on the correct pase, reaponding in the -

right ?Iace.band not copying from others.' Set 1 was given next,

fol%owed by set 3, All.teéting was compléted within four weeks.

-
N L]

" Results

1

i

Fu11°aummary“tab1es for the raw score data_for_each of the tesats

is given by Rombers and Col lis {(1980b). To examine the\reiation
- g "‘i
between the tests and the structure of the battery itself, 2 two~-step
. £ *

procedure was followed. -

8 Fullerton (1968) used scalogram analysis to organize the battery \

of tests he developed. He found tests whlch grouped together, and he ’

established an order for the tests baaed on test difficulty. Unfortu— -

nately, that methodology fails to establiah the underlying dimension~

-

ality of the data matrix or the possible structure of the assumed

hierarchy. A pmore satiafactory method is to determine firat the

——— — o R —— —— s Ta——

imensionality of the intercorrelations.of the tests. If the matrix
i;\hnidiqensional, then a hierarchy can bg_establiahed.

The intercorrelations across the whole po#ulatioh for the 10
cognitive procesaing tests apaear in Tatle 8. The correlatiens are
a;} positive but fairly low, rangins'from :é& to .79; 17 of the 28
correiations fall between .40 and .sé. We decided to exclude the E
and QC tests from the correlation matrix for further dnalysis on the-

.grounds that they we¥e baseline tests on which most children scored at
e )

the ceiling.

/

/




) ’ . -
S o - ) .
* Intercorrelations of the Ten Qognitive qéGEI;;£:nt Test§

y #
. E 7 0C ACN CN-W  AS-W ‘\QI Co CB
b | * . .
F

E ° 1.00
.45,"‘1 1.00.
22 .25
.30 .32 -
.35 .37
13 .13
.22, .28
‘.15\" o
13 \.16
a7 L

12 12. 3
S -
10.88 10765 1.97  4.86

1.90 .2.28 .94




To determine the dimensionality of the intercorrelations,

factor aqalysis was Perfqrmed on the matrix shownttﬁ’Table 8 with -

T

tests E and OC excluded. A multifactor sdlution model was used. All
. ‘ y
extractions were principalifactor extractions with iteration estimates .
> ' - ) :
of commonalities; the varimax rotation procedure was'employed., The

.results of this analysis ar- ~hoyn in Table 9. K

noy

A two factor solution was derived, although the Eigenvalue for

kY 5

the first factor is considerably'larger than that for the secohd

factor. An examination of this rotated factot mnatrix snows that the
counting tests (CB, CO) load heaviest on the rotated first factor

followed by the tests in Battery 4. T_and CRE. This factorﬁmay Al

§
reflect a mature level. of counting skill., The four other tests also .

load on this factor but not to the same degree.- At best we can say
: -“"‘\ [

that it is probably a quantitative factor influenced by the ability to

g:nt. The second factor seems more qualitative, involving Lhe
4"“\.‘, 'h—

\ .
ability .to pake comparisons and see transformations without having to’

k4

count. In ganticular, the Wohlwill tests (AS-W and CN-W) load heavie
est-orr this rotated factor load. One test, Class Inclusion, does not .

load heavily on either factor. Since Class Indluaiohviggolves logica;
I

reasoning anqLis the only nonquantitative test, this finding gives

4
the interpretations given to the first. two factors.

)

The factor 9nalysia of the data seemed to show that there were

credence to

two interpretable.ginensions underlying performance on the tests.

However, since the first_factor accbunted for _such a large proportion
of the-variance (56.3022, we examined the possible hierarchical

ordering of the tests using Guttman's (1954) sipplex procedures, It
N L L4 - , .l’ '

" K iy

’ \\‘ . J !f




Table 9 .

k-

‘1ﬁL“ Factor Analysis gbr Eight Cognitive Process Tests

Factors

Eigenvalue 4.34° .92

|
|

e dee—0rariance
) Sy

Raw (rotated) facFor matrix

S4T30 TS0

4

¥

o . mN “ L64.46) LO7(.
*( CN-W ‘ 2 .61(.25) '.35(.
AS-W o .600.26) f_. .37¢.
c1 nb .52(.49) 13¢.

Fal A

‘ &
co TBO{-76) 2

(o
CBr ‘ ' .83(. .33(.
~ .

T .

CRE~
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18 clear as one'examines the correlation matrix as a whole that the

tests are not in simplex order. Even when we take a subset of the

matrix, the five tests (ACN, CN-W, CI, T, ‘and CRE) which might be

considered to test aspects of logical fﬁoctioning atﬁkhis level, :ﬁb'

f

.j?riteria are not. satiqfied. th seems ftoo all the evidence then that

there Is no basisfor a hierarchical ordering of these tests. In

aummary, the cognitive development tests do not seem to measure a

#

single dimension. Rather they measere two discernible.dimensionp, a

quantitative counti;g factor and a qualitative correspondence factor.
The puroose of‘thie study'waa.to discefn the cognitive deveiop-‘
. ment levels of “the children in the population in relation to a battery
: ; ,

[

of tests which tested deyelopmental variables presumed to‘underlie the
eétiy developoent of matheﬁatical skills. The results show that about
twd-thirds of the varisnce on the tests can be explnined in terms of

, two‘dimensions, a quantitative factor influenced by the ability to
count', which accounts for over half of the variance, and a qualitative

faotor'which irvolves an ability to make comparisons and see transfor-

.  mations without counting. -

-

The -Cognitive Pfocessing_Capability Categories‘

-

In thi% section of :ﬁh analysis, we attempted to combine the °
infotmation ftbm the\H;epace tests and the cognitive development tests
oith a view to gfogping the individaalstinto categories which have
distinct describable cognitive characteristics. . ~ o .

To begin with, a corfelation matrix (%able 103 was‘drawn up for
' the four M-space ‘tests and the eight cognitive development tests

R "

(tests E and OC being omitted for reasqio given earlier) The




Table 10 ‘

* .1 ' 4
Correlations of the Eight(Cognitive Processing Tests
and the ﬁouS\M—Spacq Tests -

@

Cogq@tive Processing Tests

N T

{
= ‘M-space . -
\' tests . AGN- LAS-HcL CB

A
.

' ' )
cs? - .61

‘p° .54 L 7. .79

Mch
d

' L)

aCounl::'.ng Span
“b

-

Digit $lacement
cMr. Cucui ‘%

YBackward D%&it Span -
N

-
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correlations r;nge from 29 te ?§ with 20 of theﬂ32 falling between

.40 anJd .59. The higher correlations with the H—space tnata occur

.. [

with both the counting teata (CO, GBY. Thia is not surpriaing The
I
counting teate-undoubtedly require a larger memory capaclty than aome

-

of the other tests, However, there is no apparent signﬂficant varia-

tion in correlations of the different memory reats with the’ cognitive

J P,

processing tests. This suggests that the positive correlatfon is

along a single dizvension. ' ' . .

) . To check this scggeated unidimenaional relationship, a factor
h{,gl %
analysis was carried out in which the four M~-space- teats were added to

4

the eight cognitive development tests.. - The data for that factor

-

3

‘analysia appear in Table 11.. Again, as was the case with the factor

analysie,of the cognitive development tests (see Table 9), two factors
appeared. The two facters heve the same structure as the two factors

that appeared in the earlier a‘alyais. The memory_teata load on the * _
}irst . sctor but_'not the seco:nd. '

" At this point, we decided the” we_had enoush information to look
for'akpattern in,the achievement on all cognitive tests f v each of
the six groups formed by the cluster analysis of the H-apace tests.
The proportion correct in’ eacl} cognitive test "or each M-space
category ia set out in Table 12- a graphical repreaentation of the
s&?e information is ahown in Figure 1. \

It can be-seem that there are c1ear differencea between Groups 1
and 2 and the other four gro. 'a. Within the 1atfer{groupa, Groups 3
and_6 difte: little from.each ‘other but from i::Lps 5 and 6'who are

also very similar. ., . .
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Table 11 °

\

Factor Analysis for Eighp Cognitive Developmgﬁt Tests
' and the Four.M-Space Tests

L4

Factors

1 - 2

4

. Eigenvalue o 6.52 - . 1.02
% vdtiance . 54.40 8.50
Raw (rotated) factor analysis .
acy .. - .65(.56) ©.08(.36)
CN-W L .58(.40) : .41(.50)
AS-H - .59(.37) . .41(.60)
cI ‘ .55(.56) L =e12(.12)
o R :83(.78) | -.18(.28)
cB - 84(.85) - .25(.15)

T ‘ L 73(.73) ©L.01(.16)

J8¢.70) . - .16(.31)

JJLC.68) .13(.25) .
.86(274). - -.19(.10)
.63(.68) C-.09(.25)
73(.62) S .13(.63)




Table 12

Percent Correct for the Six M-Space Groups
on the Ten Cognitive Developwant Tests

-

i

Test

Factor 1 (Quantiéative)

s

R Factor 2

Group Baseline (Qualitative)
{(M~space -
level) E QcC AS-W  CN~-W ACN

-2(1) 84 46 . w8 45

2(2) 91 71 80

-

3285 . : 87 93 T

L

4038-) - ‘ 90 87
5(354+) -

6(48~) .
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Pattern of scores (percent correct) for the six M-space groups
.on ten cognitive process tests grouged by :factors.
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Group 1 children with H—Bpace level 1 are below the othezagréﬁps"
in all four areas and{are in general incapablg of handling quantita-
tive tasks. ?hey are capable of handling qualitative comparisons and
tranﬁformgtions'gnly at a moderate IGVely) : \

Group 2 children with M~space level 2 are also without Speciéic
quantitativé skills, aithough they performed considerably better fﬂan
Group 1 on all the tests. They ca~ handle qualitative correspondence
at an acceptable level although they scored somewhat lower than the
other groups on the conServation of numbel test.

Croup 3 children with H-space level 28+ are high on qualitative
correspondence, have developed the specific counting skills of count-

2

ing on and counting back, but are,inadequate in their uae-of those

skilla on the transitive teasoniné.test. They_also are inadequate on
logica. reasoning although conaidg;gbly Better than Groups. 1 or 2 on
that teat. _ - . ‘

Groug 4~children with H-space lavel 38~ are high on qualitative
correspondence and all the quantit&tive testa, but inadequate on the
logical reasoning_test. In fact they.digfer significantly from -
Group 3 only on the'ﬁdditiqg cdhpésition test and the tranaiti#ity

test.

Groups 5 and 6 with M-space levela 38+ and 48~ present similar
profiles on these tests. They reach the ceiling on the qualitative
correspondence tests, acoring & little higher than Groupa 2, 3, fnd 4.

Like Group 4 children, they have very high scores on all the ntita~

tive testa. Children in these groups are high on the claai/;ncluéion

teat L] " . / .

’




From these cluster groups a sample of sgudents was drawn for

.Studies 3, 4, and 5 in tﬁis series in the following school year.

r |

Conclusion.

am .o,
o

" Based on data from four memory tests and eight cognitive develob-" "
ment tests, We have been-able to identify groups of children who have
rell defined by.different cognitive processing capabilities. This wgs

accomplished in the following Steps. First, using cluster analysis on
. . ' .
the memory test scores, We identified six groups of students with

»

similar patterns of responses. Second, from the results of'a fachr

- B

analysis, we found the tests loaded-on two factors: a quantitative

" factor that involves mature counting strategles and a qualitative

L

correspondence factor. Third, by examining how the six groups defined

by the M-space analysis ﬁerfofmed on the cognitive tests we demon- V/,’,ﬁ\

1
L]

strated that the cégnitiﬁe processing scores of five of those six

groups. d{ffered systematically from each other.

This last step was-the basis gor;the remainder-of the project.
We formed five distinct grouba of students (cluster groups 5 aﬁd 6
were comhingd) with knéwn cognitiv$ capabilities related to the
learning of mathematical;magérials: in the following chaptersf we
describe how this information was used to study s?veral aspects of th?’
children's interaction with mathematics in eaély §lemenFary school.

In conclusion the dsta gathered and analyzed in this chapter
suggest thgt the following p;op;gitions deserve close attention by
both researchers‘and préctitioners:

1. A global qualitative/quantitative distinction is dpﬁarent in

children's mathematical thinking in the early school year;

L}




F
M-space level seems to be related to the development of other
-, ‘_- A }
cognitive skills;

The aupgeateé:ﬁege;opmental sequence in the preschool to early

elementary years in mathematically related reasoning appears to

be: - comparison —- qualitative correspondence -- quantitative -—

logical operations,

An M-space lével of 1 1g enough for hand1ing simple gcomparison

tasks; ' ’ T e

-

An M-space level of 2 is enough for qualitatiye correspondence

and 1s 2 prerequisite for the development of number skills;

An M-space level of J seems necessary for auccess on sophig~

r

ticated counting tasks.

In all these data suggest simple correspondence (both equiva— )

1

lence and order) appears to be the first ability to develop. This is

followed by a2 qualitative, correspondence capacity which inveolves

understanding how dorrespondence between two sets ia preserved or
changed under varying circumstances. Next, the quantitative skills of
counting on and counting back develop _ followed by their uge in

transitivity tasks. FinalIy, the capacity for—-losinal._neaaoning

develops. ‘ AL




Chapter 3
COCNITIVE PROCESSING CAPACITY AND CHILDREN'S PERFORMANCE

ON VFRBAL ADDITION AND SUBTRACTION PROBLEMS

» \

In this chapter,'gﬁe third studf in this set §s reported. Its

P

purpose was to‘séudy th; relationships of children's capacity to their

performance and th;ir use of strategies on verbal addition and
suhc;éction ﬁtobleﬁs.; The impor;ance of knowing how children leara
the concepts of pro;edures of addition'and subtraction ;hog;d be
self~evident. Alsﬁ, iﬁ-is frequently a2ssumed that éhildren_mﬁst first
mahter-comput;tional skills and tlien begin to solve verhai.pdﬂitigq

4

and sﬁhtraction.prohlems, Houevér, it has been clearly demonstrated

-

that children devélop a variety of strategies for sqlving such

mathematical problems independent of imstruction (c.f., Carpenter &

Moser, 1979; Ginsbﬁrgf I97?} Resnick, }973). in fact, manf of the

3tratfgiea they use are more so?histiéated and‘ﬂemonstratq;ﬂoreh
ingight than the procedures that are taught. ’
A siyﬁle of the children tested\%n the ﬁr?vious studies (Chapter
2) and selected to reflect different cognitive capabilities were
clinicslly inFerviered on.th;éé occasions over a three-month period in
1980 (February 27-29, April 9-11, and May 26-28). In each interviéw,
a set ofxyqrhal additioﬁ énd subtraction'prqblgns was given to each

student. Each child's performance and strategles were coded by the

interviewer.
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_ . \
The Sample for this Study .

The children from the earlier studies had been advanced a gradg

-
Kl

. - v/
in school since previouslyktested. Furthermore, the grade 2 students
A .

. who were in Sandy Bay Infanf\§chool in Qctober now were in grade 3 and
Al

in different prigg;y sphools.u“g?st. howevers were enrolled at Waimea L

Reights Primary Sc ool
\ .
Our “intent was to~Qave a sample of two to four students from each

- cognitive level in each grade. We began with rosters of students from

-

each grede'and their cognitive levelf Theﬁ an initial selectioq of
sgudents«yas madé. 'However, foer school began, some thi{f\%raders
originally in one class were switched to anothef; This created _some
imba}agée acfossrclasges but should not have effécted'tﬂe re;ulté.
.The studeﬂfs'b}Jcogniéivéﬁg;ogp and clags in this stqdy are shown in

-

Table lﬁ.

Interview Tasks - '

An intetview cggsisted of six problem types (taséﬁ) given under
four of six conditions. The six;typqs‘included tﬁp probleﬁs solvable
by addition of éhe'}wb given numbers and four problems solvaﬁie by -
subtraction of the two gi@en numbers. The types diffef in terms of
their semantic structure. fﬁé semantic ;haracterization‘fo; these six
problem types is detailed in Mbsér (1979) ahd in Qarpent;r and Moser
(1979). |
‘ Tabié 13 presents repre;entative ﬁroble&s in the order in which
’the problems vere administered to the chfldren. The'actuai éﬁrhing
for each problem type differed but the semantic . structure remained

constant. Within each problem, two of three numbers from a number

triple {x, y, 2) defined by L A T S XL _mt_tgelje_gi\ten. In the




* Table 13

Children in Each Cluster Group in Each Class
[ ' '

s .

Sandy Bay Infant Ce )
School +  Waimea Heights Primary School

Class ’ ~ Class

i

i Co2e 3 4 .5

“Cognitive

Group Grade'l  Grade 2 Grade 3 Grade 3 Grade 3

/ potat (\ |
Y ’

5
13
" 11
&
7




Table 14

Problem Types

T

Task ' Sample Problem

L)

Change/Join (ﬁédition) Pam had{3 shells. Her brother gave her
) '6 more shells. How many shells did Pam
4 have al ogether?- S .

Change/Separate Jehny had 7 erasers. She gave 5 erasers
(Subtraction) to Ben.| How many erasers did Jenny have -
left? [ -

Combine/Part Unknown There are 'S fish in a howl ' 3 are
(Subtraction) striped and the rest are spotted. How
many 8P tted fish are in the bowl?

Combine/Whole Unknown Matt nas 2 baseball cards. He also has
{Addition) 4 foothall cards. How many cards does
'-Matt hayg altogether? . S

Compara {Subtraction) Angie has 4 lady bugs. Her brother Todd
has 7 lady bugs. How many more lady
. . bugs does Todd have than Angie? 7
Change/Join, Change set Gene has 5 marshmallows. How many more
Unknown {Subtraction) . marshuallows does he have to put with
" them soThe has 8 marsfimallows altogther?

¥




e

" two addition problems x and Y were presented, with the smaller numbér

X always given first. In the.four subtraction problems, z and the

-

»  larger addend y were presented. The order of presentation of y and z

varied among problem types.

» The, six semantic problem typ vere presentediunder six
conditions, although not- all children respdnded to 'all conditions.
Four conditions result from crossing smaller zs and larger 2s with
presence and abseilce of fnanipulative materials. [In l':lie sma:l_ier nuxber

problems (called B problems), the addition guideline of 5 £ 2 < 9 was

i

impesed; I;l the larger number prob].ems' (call‘ed C problems), the
restriction on the sum was 11 £z<15. Pro‘blém ‘sets Bp anig_uer'e..
 given wia manipulat:i:vee present; the same sets given witl; .
_maﬁipulatives ‘absent were called Ba-and Ca.

For Che interviews with third—grade children, the domain of

»

2_digit riunbers was included In the 2-digit domain, two subdomains ~

were \i‘dentified. In the D problems. ng regrouping (borrowing or

' . . . .

carrying) §s required to determine a difference or sum when a ,
. ¢ - p—

computational algorithm is-used. In the second subdomain, E problems,

regrouping is'required. For the 2-digit problems, t‘le sum z is

restricted to numbers in the 208 and 30s!{ All third-grade children,
]

toPk the C, D, and E problems. 'Complete del_:ails'of the procedures

used ate reported in Romberg, Collis, and Buchanan (1981).

L]

Interview Methiod . ..

L] N .t

& Three trained interviewers administered the interviews (see

v
Cookson & Moser, 1980, for details of interviewer training procedures
N - ‘o

and reliability). One interviewer worked at Sandy Bay Infant School
O

aﬁg the othér two ac Uai.mea Heights Primary School. Each interviewer
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e

56

vas able to conduct 8 to 12 interviews a day, depending on the
schools' aschedules and on the task level. (The‘c tasks lobk longer
than the B taaks.s At the ;chools, the interyiewers were aas;gned
interview areas, which wereJquiEt rooas Separate from distracting

activities. The qgrbal tasks were read. and rereed to the ehild as

often as neceaearY so that remembering the givea aumbera or

/

;'e].ationahipa caused no difficulty. An individual interview required
" two aegalbnﬁ}?bne'for~the B. tasks 8gd‘the other for C tasks (or one

for the € and the other for D and B). -The seaeiens iaatea 15-25
4 /

minutes each, with each child receiving the aame sequence of problems.

" No child was iaterviewed twice,inﬂone‘day.

» +

£oding__uhj_pt Reep_ﬁaes I .7 .
All of the poaaible codings of atudent*responses are presented in

‘detail in Cookson and Mosger- (1980). Three ox four elements were coded

v\!

. for each child: model useﬂ, correctneae. atrategy, and if'incorrect,I

error. A record;of each eubject 8 response to the tasks were compiled

+ v

from tae coding sheets. These profiles are -the bas{s for all other .
-t ’ 2

%tatistical'information appearing in this chapter znd are_reported in

Romberg, Collis, and Buchanan (1981). -\

* Data Aggregation and Analysis .

The interfiew data hdve been summarized in terms of percent

“

correct and general strategy. The data for‘percene of items 'angwered

3

correctly by children are summarized by examining the differ:?ges for
t

' children with differing cognitive proceaeing‘cababilities. was

+ l #

anticipaged that children 1ia grbupa 3 and 6 would answer more items




correctly than those in group 4, who in turn would answér more items

- /

- correctly than the group 3 children, and so forth

-

-

Pupil strategy was' categorized according to type of model used‘ )

(1f any). s::;tﬁg}\_or process used. and errors (if any). Flve éeneral

\
categories t_BF B and C problems are the following'

1. Direst modeling. Use ‘of the manipulstives provided. or‘fingers,
to stand fgr the problem entities. ‘Actions performed on the )

. *

,ohjects generally correspond fo the action or relationship

described in the-prohlenn ‘ _ g;
ords, ol

_-Use of d/unting sequences. Use of the string of counting w
<« + }

either forward or backward where' the entry poig; in the sequence

»18 a number other than, one," Counting may pg¥ceed in either

ac

3 . a ¢ ~ T .
direction a given nuiiber of counts, or until a desired, rumber
* {

,(usually one of the numbers given in the problém) has been
_reache . This.requires a second counting of some jsort‘of a

trackidg mechanism, often aided by the*use of'fiugers.
\
Routine m /gntal operations. Use of memorized numher facts by
’ direct “recall) '

‘ Nonroutine nentai op atio&s. Derivation of a danmenorizcd fact

Lt

through manipulation*of some other recalied fact. .18 an example,.

L
+

the fact for 6 + 8 één be derived hy detqrmining it to be' two more
‘ L
than the easily?remenhered “doubles™ fact of 6 + 6. -~

Inappropriate Behaviors. Guessing, using one of thf given numbers

in the'prohlem. adding instead of-suﬁfg3Cting, or givin% no answer

at_ all. ¥




" For thp D and E data, the five categories used with the B and C

-

tasks were uged ¥ students did not write a sentence.! If students did
& .

write a sentence, three other categories were used.. |

6, Correct sentencefalgorithmic. This category of hehavior includes’

1

the standard algorithms taught in school as well as any "invented"

¢ (Carpenter & Moser, 1982) ones that involve consiaerations of
place value. Algorithﬁic behavior must be exhibited by use c..

paper and pencil, : B

. Corrgct 5¢ntence/nonralgorithm;h "After yriting a sentence, the

N L3

vork 1is done mentally as was frequently seen in prohlems iu’which )
fo regrouping AD tasks) was reqiired (Mbser, 1931).

Inappropriate sente?ce. This behavior inVolves qritingcand
working the wrong septence (e.gss addition instead of

i
1 . |

subtraction). : L/,

Details of what specific model, strategy, and, error data were used to

£

form theae categories are presented in Romberg, Collis, and Buchanan

4

oo

assy.. ‘ _ -

The plan for analyses of the'aggregated data vas baged on the two

1

primary dimensions -in this study-cifferences in the[level of problem
administered and differences*dn children's- cognitive capacity The

problem dimension involves a coupletely crossed repeated assesament

~ "

(three interviews) of six problem“sets (Bp, Ba, cpy Ca, D, and E) with
six tasks in each set (combine/join, combine/separate, and so on).
The'student dimension involvea cnildren nested dn‘cognitive levels
within classes and in tﬁrn,‘within grades¢~' o

The data matrix 1s incompiete s‘nce grade 1 and grade 2 children

did net take the D and E problems, the grade 5 children did not - take

“

e




"the B problems, and not all cognitive ievels are represented ln each

grade level. The small number of subjects, the unequai cell sizes,
and the extehgive incompleteness of the matrix have limited us to
describing the frequencles and testing a few of the differences wiéi'

chi-square statistics.1

‘For purposes oixthia report, frequency and percent correct and

" frequency of use of Strategy are presented for children w}th different

cognitive processing capabilities. The data are presented for three

-

problem sets (B, C, and D, E combined) and for each semantic task

within each set, Other analygses yere perfgrmeﬁ for each interview and -
il ™ ) ; .
by grade level but are not reported here. Those analyses can de found

Lnd Buchanan (1981). ’

in Romberg, Collls,

Probiem Sets by-ngnitive\Groués

To examine whether'dilfefénces in cognitive capacity are «
reflected in different percentages of correct responses, geparate

s

tables are preaented for each problem sets, In Table 15, the data for °
the B probliems which were givenﬁoaly to grade 1. and grade 2.children

. , . A
clearly show that tHere 1s a significant increase in percent correct

1l -

lBécauSe of tbellarge number of trials ana the iack of a systematic

' “ - " -

" plar to test Jifferences, an alpha level of .0l was arbitraril; chosen
to test significance. In addition, tests which yielded probability
.values between an élpha of .05 and .01 ( 05 ) p > .01) were considered— I
marginally significant., ALY )( values were calculated via 2 x 2
ccntingency tables where frequency cr}correct answers or strategy was

Eichotopized.




Table 15

Frequency, and Percent Correct \by Cognitive Group for
, All Level B Tasks -

: Correct Responses

i
L]

o —

Cognitive Group N ( Toral Respoﬁaesa Frequencfy Percent

“

5 ° 180 100 56

n

9 3122 235 75
" 95 - 88

., "
- -—

Total 7. . 430 L72

, <
%hen all children were present for all 3 interviews, number of triald

equals N times 12 problems ‘(6 Bp and 6 Ba) times 3 occasions.

4
-
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4 . L
1

. ] _
(56% to 757 to 88%) for children®n cognitive groups 1, 2, and 3,

respectively (}(26 47.19, é.{ .01).

“
~

for the C problems given,to-all children, the percent correct for
childrea in different cognitive groups is ghown in Table 16.‘bThe
Aiff;rences are stri ing. The o.oup 1 children only got 22% correct

. while -children in groups 5 aud 6 éot“§62 correct. There 1is
significant increase from group 1 to group 2 (22% to 65%, }(?= 96:38,
p £ .01y, Erom group 2 to group 3 (65% to 81%, X%= 26.74, p £ .01),
and again from group 4 to groups 5 and 6 (83% -to 96%, 2.<_.0i). ~The
Ilack of difference in‘percent correct between cogﬁitive group 3 and
group 4 children 1s not surprising since’these groups differved very
little on the cogﬁitive tests.

‘For the D and E p%ohlems glven only to grade 3} children, the
pattern of correct respsnses were very gimilaf. Thus, for summgfy
puiposes, the data on thése problems have been combined in Taﬁle\l?.
For these students, the difference.between percentage correct for
;hildren in cognitive groups % and 3 (65% and 67%) is signif;cant‘CXF‘ -
= 11.76, p { .01) as ars the differences between ;:ognit:lve grou.p 4 and
céénitive gfoup 5, 6 children (é2% and‘SSX,‘?(a= 30.05, p £ .01?.
Again, the differences in perfofmance b;tween cﬁgnitive groups 3 and 4
on both sets of problems are not significant.

Overall, our preaictions about pérceptage of the items answered
corre;tly were found to be accurate, except that childreniin cogrnitive

~capacity groups 3 and 4 differed very little in terms of their overall

performance.




Table 16

Prequency and Percerdt Correct by Cognitive Group for
All Level C Tasks

i

-~ : " Correct Response

e

a

Cognitﬁré Gioup N 'I'ot.all Responses™ . Frequency Peréent

1 | 180 40 22
2 i 456 . 206 65
3 11 T 396 T 320 81
4 8 264 220 83
5,67 252 241 96

Total L igh N 1548 - 1117 72

a%-lher} all children were present for all 3 intexrviews, number of trials

equals N times 12 problems (6Cp and 6 Ca) times‘3 occasions.




, °¢§ble 17

'+ -

Freq.uency a.nd‘?ercen;; Correct by Cognitive Group for
All Level D,E Tasks

-

Correct Response

. _ 7
Cognitive Group N Total SeSponsess{} ~ Frequency Percent

144 49

264 | 67

4 ’ 252 155 62
5,6 - 2 210 . 83

Total 27 912 612 67

-~

%ihen all children were present for all 3 interviews, number of trials

equals ¥ times 12 problems (6D and ¢E) times 3 occasfions.

S VO S —



Tasks by.-Cognitive Group
) Withir each problem set, one item représenting each’ﬁf six tasks
(change/join' change/separate, combine/part unknown; comb.ne[whole
unknown; compare and change/join; change/set unknowé) was given.
Because the diff;rent semantics of each problem/type elicit different
cognitive deéaﬁds} it was anticipated pefforméﬁce would vaxy with the
tasks. Following Greeno's (1980) categpri:ation for the six tasks
given (see Tgble 14) we egpected Tasks /A and 2 (changé/join and
S ‘

change/separate) to be the eastest, for they demand only a

change/cause schema; Task 4 {¢ombine/whole unknown) to be next in -

n

difficulty, for’it tovolves ;/harder‘combinaﬁion\schema; Tasks 6 and 3

(the missing addends probl: should follow in difficulty because of

%

. the location of the mii?}ng information; and Task 5

(comparisonfsubtracpi n) to be haqust because it involves a

comparison sthema which réquires.more urits of memory to handle., The,
. - " r’l
percent correct data for each cognitive group for each task in the B

-

set of problens are presented in Table 18. The pattern of differences

between cognitive groups is consistent with group 3 children .

e

performing bétteg than group 2 who, in turﬂ, perforn better than thé
| “group’ 1 chilﬁren. Aslexpected f&r the B level, Tasks 1 and 2 were..

igéfbfor ali children. Ta;ks 4 and’é; however, were just as easy.
//Task.@ was more difficult, and Tésﬁ 5 was hard for a;l children.

/// : The percent correct data for éq;h cognitive group on egch task
for the C set of problems aré presented in Tdble 19. 1I1f two-thirds of

o

the items were correct then this qas used &s a rough criteria for

I
K

success for this daua. Again, a conaistent pattern of the higher

T
cognitiva group chi‘dt@n gettipg as man or moxe items correct is




Table 18

Frequency and Percent Correct by Cognitive Group for Each B "I'aslg
. L] !} ] .

I
]

-

.
“ " Correct Response

R

Cognitive Group N Total Responses Fr‘equency Percent

- L5

-65 Correct Response
Z .

Cognitive Group N Total Responses Frequency Percent

Task 1  Change/Join (+)

Task 4 Corbine/Whole Unknown {+)

15 30
26 52
-18

Task 2 Change/Separate (-)

15 30 21
26 ., 52 - 42
18 16

100 79

Combine/Part Unknown (-}

30 12
52 - 1 40
16 16

100 68

15 30 21
26 52 43
9 16

50 80

Task 5 Compare {(-)

1 15 30
2 6 52
3 9

5,6 -
Total 50

& ’ A" ,
Task 6 Change/Join, Change set unknown {-)

1 15 30 16
2 26 - 52 44
3 9 4 18 17
4 ” - .

5,6 - - -
Total ’ 77

13
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i Table 19

i -/

Frequency and Percent Correct by Cognitive Grouj/for Each C Task

| o
1 4 - o

Correct Respoﬁse . / . Correct Response

: . ; ; . ' ' ]
Cognitive Group N Total Responses Frequency Percent Cognitiﬁg Group N Total Responses TFrequency Percent

‘Task 1 Joining (+) . Task 4 PPW (+)

'
1 .

\

15. 30 , 15 30
38 76 ' / 38 76
33 ' —66 7 33 66
22 44 t 9] 22 44
.21 - 42 , ; 21 42
129 258 . L/ 129 258

Tagk 2  Separating (-) ) Tdsk 5 Comparison (-~}

15 30 7 3 ~1 15 30 1
38 76 '+ 52 2 38 76 3N
33 66 51 3 33 66 49
22, 44 34 ‘ 4 22 44 38
21 42 40 . 5,6 21 42 39
129 258 184 Total 1129 258 157

-Task 3  PPH, missing addend () Task 6 Joining, missing addend (-}

15 . 30 . 6 15 30
38 " 76 54 8 76
33 66 56 33 - 66
22 44 33 22 44
5,6 21 42 41 5,6 21 © 42
Total 129 258 190 Total 129 258




. " éppgpént. The one exception to this pattern was on ?psk 3
(combine/parf unknqwn),-ihe group 4 childrep do not do as well as tﬁe
'éroup 3 children on ﬁpbse tasks. Group l children are generally
unable to work any ?fithe ¢ pr blems successfully. The majorité of
. 8roup42 children qﬁ}k.all pré;:ems except Task 5. Childggn in higher

groups are able Fb work all problems. However, except for tne
/ ' . ,
difficult comparison problems (Task 5), the tasks were of equal

difficulty. ' * . B

The same data for the D and E sets ¢f problems are shuwn in Table. ’

20. And again, the same pattern is evident except for the coghitive
. ’," N

group 4 children whose perforhance is ﬁarginally lower than group'S .

y . _ s .

children on Tasks 1' and 2 and is. about the same as group 2 children on
y v ' ’ e

Task 5. Overall, grgyp 2 children are only successful on Task 1.

Y Group 3 and 4 children are successful onm Tasks 1, 4, and 6. 'Aﬁd,;" -

L]

group 5, 6 children are successful on all tasks. ‘Howeﬁer,

-

unexpectedly, Task 2 was as hzrd as Tasks_S'and 5 for the whole
. i : i . " -fg N .
population. What these data suggest 1is that when problems have large
Iy ' ) ' .-
enough numbers that children should use algorithms, the implied

-

computational,biocedures become more importéﬁt than the semantigs: ..
o ‘
< Thus, addition problems are easier than subtraction problems. While ,
Task 6 1s a subtraction problem, it is often solved using additive .=

notions, making it easier tham Task, 2.

L3

. In summary, although. there are impbrtant variations in
performance due to problem set (size of number) to specific task, and

to grade, it 1is clear Ehat chi}dren who- have been identified as havinéL —— — -

different cognitive processing capabilities consisteﬁ%lY‘perform



, .
2t o Table 20 - -

Frequency and Percent Correct by Cognitive Group for Each D,E Task

.o ’ ‘ ) . o
oo
"Correct Response ’ R . Correct Response“
Cogniti:ve Group N Total Responses Frequency Percent ) Cognitive Group N Total Responses Frequency Percent
— - - — 3
Task 1 Change;/Join ) . Task 4 Combine/Whole Unknown (+) .
: ) ] 1 T
1 - .- - - | : - - -
2 . 12« 24 16 67 7 24 12 24 14 . 58 /7
o 22 - G4 . 39 89 3 _ 22 . b 31 70 ' !
4 21 “42 33 78 ‘ 4 2{ 42" 31 74
5,6 21 . 42 37 88 5,6 21 . 42 ¥ 93 3
Total 76 - 152 125 82 _ Total 76 152 76,
P Task 2  Change/Separate (-) Lo ’ . . Task 5 Compare (=) ’ / '
— - . < : — . 7 ﬂ/ )
1 - - - - C1 - .- - 7 -
- 2 . 12 24 10 42 2 . 12 ‘ 24 ‘ 12 50
| 3 22 44 27 61 3 22 4 .28 - 64
4 21 . 42 ; 21 ¢ ‘50 4 - 21 42 . 20 48
5,6 21 42 31 \74 5,6 . - 21 42 30 71 .
Total ?6-'/,'\ 152 89 38 " Total 76 152 % 59
,  Task 3 mbine/Part Unknown (~) T Tagk 6" " “ChangedJoin, Change.set unknown (~) )
- 2 - iz . 24 . 9 38 o2 12 24 flﬂ 42 | S
. : 3 22 44 22. 50 - 3 22 44 29 66 .
- N 4 21 42 22 52 . ? 21 42 a- 2B 67 E
8 o 5,6 21~ 42 - 35 83 5,6 21 42 38 0 gof
| 81 1otal 76 152 88 58 - ‘Total = 76 152 105 68 -_




L]

differently on these addition and subtraccion tasks regardiess of the

‘other important factors. -

P
i .
L}

Stra__gies Used by Children ' ' ] .

As outlined ir the first part of this chapter, thq data on
1 1 -
strategies ueed by cnildreﬁ have been summarized in terms of five
categqrieb for the Btand C problen sets (direct modeling, counting

LY

sequences, routine mental operations, nonrnatine mental operations,

and inappropriate} and eight categories,fot the D and E prp?lem sets
'. .o . L . '| ;
(the same five no-sentence catggories as for B and C tasks plus
- . 2
correct sentence-algorithmic, correct sentence-non-algorithmic, ang

P . T
]

incorrect sentence).. ) ¢

We expected that children with 1qw cognitive capacity would

either use inappropripte strategles ov directly model problems.

Children at a nigher\capacitv level would then use countingtsequences

8

Fallowed by routine mental opexations and aloorithms in 1ir~ reasiug

frequency for children at higher levels of eompetency. .

Kl

.To exzmine whether children with differen 1?vels of cognitive

. a o

-capacity use gigferent strategies, separate tableg are presented for’

-

eech'ﬁtcblem set., Fornthe B problems given only to grade 1 and 2

n

Ch dren (Table 21), as expected, there was & significant increase in

0

use of routlne mental operations (8% to 27% to 35%) for children with

' higher cdgnirive capacity ()( = 36. 97, g < .01) and a correspcmdiug

h: :.ﬁigniiicant decreaSe in use o£ an. inapprOpriatﬂ erategy (39Z to 18%

we

°‘to 7A ?( 34 80 2‘<, 01) Howe?er. unexpectedly, the frequency of .

yse of the other categories temained _onstant over cegnitive levels.

L

+

For the Qﬁgroblegg given to all childten, the . strategy data for

" childrer in difrexi-+ cognitive groups are shown in Table 22. The




‘. N M -~ .
w ! . ! » ’ L)
- ‘ Table 21 ) ¢
o . Ftequen'cy of Usc of Strategles by Cognitive Group and Category for All B Tasks l ~ -
. . L . H . R a ) - " ",
b . & : . . . ) - '
. ) ' L Rout Lns Mental Roncout ine Mental \ v
" . " Dirvect Modeling Connting Seynences Opecation . Operation pappropriate -
Cognitive Gronp Kesponses  Freqnency Peécer“; Frequency Percent Frequency Percent Freqnency )ero:ent: ‘Freque\fy Percent o
_ : s - \.’,
i 1 180 69 38 % 20 11 15 8 > - 3-- “1\\ 71 . 3%
. . . St
¢ 2 D 3z | 120 38 %3 . 14 85 7 g 2 58 18
- - - -
3 108 39 36 17 16 38 . 36 5 5 8 7 o
Total 600 22¢ 8 . 80 13 139 23 18 3 135 27

Full Tt Provided by ERIC.
- P,
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- Table 22
. ) Frequency of Use of \Strategles by Cognitive Group a.ad-Caccgo'xy for All & Tasks™ - ) :
jpgy T— . ) .t . ’ v L
. b Routine Mental’ Monrouzine Mental
Direct Modaling Counting Sequences Operatlon Operation lnappropriate
Cogni:ivg Grour Responses  Frequency Per%em: Frequency Pty\én: Frequency Percent Frequency Percent Frequency Parcent -
v - rZa ’ L. ’ .
1 180 . 50 28 1 o+ 2 .1 -0 0 127 - 70 ,
] - . . .
s . 2 456 166 36\ 82 13 59. 13 27 6 122 T 21
. 3 396 n 18 130 33 104 26 38 10 53 13 R
4 - . {# * . -
i - . #
- 4 264 30 1 79 30 92 35 38 ., 14 25 9 '
B, . ' y ! - '
5,6 -252 32 13 AR L) 40 105 - 42 14 6 0 0




picture here is more dramatic. As anticipated, children in cognitive .
/.,.

group 1 either directly model the .problems (28Z of the triale} or ‘'use

an inappropriate strategy (?02 of the trials). Use of aﬁ -
inavpropriate strategy goes dovm consistently with/ﬁpénitive group
{70% for group 1 chiléaren to Q% fox group 5..6 ch{idren) Eireet
modeling is the strategy most often used by/;ogritive group 2
chiidren- counting sequeaces hy Sroup 3/Ehi1dreh, and routine mentef

operations by groups 4 and 5, 6 chi%/ren who also used coeg;épéf

sequences frequently . e ,7?{

/ .
For the D problems, which’were taken only by the third grade

children, the strategy daga are aummar%Zed in Table 23. As expecte&,,

betwzen cognitiVe gro ﬁ/; and groip 5, 6, there is a significant

. ,,o//

" increase ir use /oE/ counxf:[ng strategiea from 12% to 33% (X= 10.40, p_t-'

s ../.
;/

.01) and a corresp;nding decrease in use of inappropriate strategies

-

from 29%;&0 22 (-X = 30.86, p { .01}. Unexp,ectedly, other gtrategies

-

.hre'nsed at dbout the same frequency by children at all cognitive

Jeévels. -
- .

The data for the E problems, also given only to third graders,.
are summarized in Table 24, As for the D problems. from group 2 to
group ;, 6, use of counting strategies increased significantly from /¥4
to 32%2° (?( = 20.50, p .4 . 01) and use of inappropriate strategies
decreased from 442 to 5% (;K u 46,52, g_{, .01}, For both ievel D
tasks and Level E taske, there was no appreciable incresse in use of
algoritlms by children at higher cognitive groups (D, 21% to 25%; E,

26% to 25%).




. " > -k .
. : fable 23 .

Feaguency of Use ‘of Sciaregies by Co;ui:iw.cr"oép ard Corggary for ALl tlb"!ﬁkz

- - = . -

.

, Divace Nodelleg

Roucine Mentsl =~ [ Noovoueine Meneal ™

- . e ¥ . -
Counting Sequences | Oparacion Operaciod Inagpropriate. . Algoricha _R‘uu-.\’lgo:lﬂ:&

Iocorreer Sentence

Frequency Pereenc

Trequency Precene  Praquensy  Pevcene  Piequency Yercene  Frsquoncy Parcent  Frequency Pegevne  Froquency . Percent

Prequangy * Percenc

14 19

+

29 1
23 0
n 16

ol ~ - a~
"y 12 s 9] 5 n 1

“

28 1 13 18 2% B

21 31

]
FH] 20 24 3 - 2 25 0
1
2

"
-

L Tele M )

e .

Fraguancy of Use of Seracegics by Cognicive-Croup and Cacegory For All E-Teyks
. LR |

3 ’ N

Direte !bt{ld.ln.;

* Routine Heatdl Fonrouring Minesl . .
Countlny Sequencas Operaclon »  Opezarlon; fnagoproprlate “*Algocithm Non-Afgorlehn

o |

Incorrece Sencence

Ratpoaacs t';:qumc., Mareeac

Feequenty Forceme  Pragquency Fum:'nt Fraquenzy Percane TFraquangy P y F Frequency 2

?ugutnv.:fl Ptr{;:\c -

132

T
n _\\ . 4 7 * 10
AY

-

2z
21 17 13 , o
£3 17 13 1

1

32 16 i3

2 1
1




Tasks by Cognitive Group ? . .

“n

Witpin e¢ach problem get, one item rebresenging each of six tasks
_(chaﬁge/ioin; change/separate; combine/parplunknpwn; qpmbine/wholea
unknown; Q;mpare, and change join/change/set ﬁhkno?n) was given. From
past resea;ch (e.g-» q?rpent;r ; Moser, 1982), we anticipated that,
different strategieﬁ would be used on tasks with differins semantic
struc;ures (particularly on the missing addend problems, Tasks 3 and
6, and on the compare probfem; Tasgk 5). The stratzgx data for each
cognitive group for each task for the.B set of problems are presented

in Table 25, A conmsistent-inverse relatiﬁnship between use of

*3

inappropriate étrategies and cognitive level is apparenz. Alfhough

the percentages of various strategies use® with each of the tasks

differs, the patterns of use seem to be consistent across cognitive

groups. For example, direct modeling is not used by very many '

+

students for the comﬁare and change/join missing addend tasks (Tasks 5

L

and 6) regardless of cognit:.’g.vé group. In particular, counting

sequences are used most frequently.with Task 6. '

The strategy data for each cognitive group on each task for the C

set of problems are presented in Table 26. Again, the use of direct

modeling goes dowm with highgr cognitive group ae does use of
in§pprpgriate strategies while use of counting sequences aﬁd routine
mental operafions in genmeral increase. G;gnitive gfoup 1 children
directly model or use inappropriaze strategies across all tasks. The
use of other strateéies varies by tagk. Again, direct modeling is not
used often with Tagks 5 and 6. B . -
 The same data for the D and E sets-of problefis are shown in Table

£

27, and aéain the same pattern is ewide.t. Direct modeling strategies
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Table 25 - . v

Frequency of Use of Scraregfes by Cognitive Group and Category fov Each B Task
”

L . ™

- 5

e ————— e i bt L - - - e A e —— — -7

- Routine Mencal - NoanrgutinesMental .
Direct Modellng Countlng Sequences Operatlon Operation * Tnappronriare

L i L S Mgy e T e

L3

- — e ]

e et A i e . R

Prequency Percent Frequemcy Percent Frequency Percent  Frequemcy  Percent  Frequency  Percent  Trials

———— ——— . — -

Task 1 Change/Join (#)

o mar————

10 3 10

10 17 33

17 g 39

11 . 27 27

i mm——— - . P g L S ——

Task 2 Change/Separate (=)

-—— ot e b e B -

57 3 2 7 0
Si & k) | 2
56 & 6 33
54 5 5 24 « 24

.

et e --

e ® e . T ————— ——— T i nim p !

Task 3 Fomblnel?art Unknown (=)

. -

2 7
S 14 27
5 28

21 2%
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R ——

-

- "Routine Mental

Nonrourine Memtal _
Counting Sequence

Direct Modeling Gperak Lop - «  Operation _

- Inappropriate

Frequency - Percent. * Frequency Percent Frequcacy Percent Frequeacy Percent
-2

< ;
Fraquency Rercent ' TFials

- *Task 4 _Cowbine/Whole Unknown Cp)

-

57 ’ 1, - 3 10

48 ~ ' : 27

56 oo & T
i C.
52 a3 23 23

-

.

Tg'sk§ Compare (~)

+ Task 6 ChaogefJoin, Chapge set unknovn (-)

T " =

11 37 3 10 0
19 36 20 38 1
8 I 4 7 39
30




. Table 26 *

/FT\'_'Q_'Q-".\_}- of Use of sStrarezdes by Copaitive Group ard ¢eteguns for Each ¢ Task

—— oo v P . ] B L TP e caae -l __? I - R
. Routine Mencal ? Honroutine Mental ’ £
Direct Modeliog Counting Sequence Gpex:.xcion Operatian Inappeonriate £
i it s m e R — Uy e A g e e e i A A = —r— . = —
Cogialtive Group B Freque sy Per.eat Frequency Percent Frequeucy  Pereent Frequency  Perceat Froquency  Perdent Trials
. ™ Task 1 change/Join (+) .
. L 15 ia 37 o o 0 0 0 o . 19 63 30
2 . 38 32 42 13 17 15 20 6 8 10 13 76
. . 3 33 7 12 18 23 35 19 29 7 , 11 8 66
4 .22 1 2 15 34 18 41 1 16 44
. 5.6 21 1 r 2 TR 33 21 50 6 14 o 42
. Total 129 57 22 65 25 73 28 26 10 Y 14 258
L T%l\z hauge/Separate (-)
e - e i e e e ——— —— - e
4 _ 15 12 40 0 o o 0 0 0 18 60 30
|
; 18 33 43 5 6 12 16 5 '3 21 28 76
N . )
33 15 23 17 26 12 18 12 18 10 15 66
4 brs 5 11 17 39 12 27 5 11 5 1Y 54
- 5,6 21 8 19 20 48 10 24 4 9 0 0 52
" Total 129 73 28 59 23 46 18 26 10 54 23 258
. Task 3 Combine/Part Unkuown («)
T e e s e — — e — _
r 7 s 1 37 0 0 1 5% g 0 0 18 60 30
’ 2 38 32 ' 42 24 a8 g = 10 5 6 17 22 76
~ .
. 3 - 7* 17 26 17 26 3 12 5 8 66
4 22 . \9 14 32 i3] 25 8 s 7 16 44
5,6 21 ? 1} 13 31 20 48 2 5 0 0 42
Total * 129 73 28 - 58 22 © 57 27 23 9 47 . 18 258
t _— k- -‘ [ ._.-..__.__..“I-_ e e i mm e amrmm e mm—— o am _— < dm e amamam v m—
k . \ b , {continuedl.
. -
.3
Q .( \ - . * v > 9 ?
\ERIC v s . . -
. . e . . P .

- *

-
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Table 26 (continued)

-

e v—— —

[}

& . ) Routine Meutal Nonroutine Mental B L
Direct Medeling Counting Sequences Operation Operaticn Inappropriate
Cognitive Group N  Frequency Percent Frequency Percent Frequency Percent Frequency Percent Frequency JFercent Trials
i
. " Task 4 Combine/Whole Unknown (+) L _ A
i 31
1 15 = 11 37 1] [\ b] o 0 [\ 19 63 30
2 38 kTN 45 18 24 10 13 0 * % - 14 i8 76
, Y 33 9" 14 238 42 17 - 26 4 B 8 12 66
4 22 7 J 16 11 25 17 39 7 16 4 4
5,6 21 5 12 i6 38 20 48. 1 2 b] 0 42
Total 129 66 26 73 2g 64 25 12 5 43 i7 258
- n - — N
. Task 5 Compare (-)
i 15 1 3 0 0 0 [\ 0 z9 97 o
2 38 14 18 12 i6 4 5 6 40 53 76°"
3 33 i4 24 % 16 24 2 15 23 66 ~
4 22 20 12 27 14 32 .5 11 4 © 9 44
5,6 21 17 20 48 15 36 o o o 42
]
Total 129 40 © 16 68 26 a9 19 13 5 88 34 258
. . Task 6 Change/Join, Change set unknowm (-)
. i 15 4 3 1 3 1 3 0 . 26 80 30
[ 2 kt.] 21 28 20 26 10 13 5 . ] 20 . 26 76
I 33 7 i1 32 23 - 35 5 10 i5 66
1 - 4 22 4 ¥ 9 , B 20 45 6 14 4 g . 4
i 9“' ‘5, 21 4 (’ i0 43 19 45 1 2 0 42
1 Total 129 40 16 . 27 73° 78 17 6 58 22 258
* \) | - , ) o~ .,
. ’ ;

gL




A Table 27

Frequency of lse of Slrnc:slﬂt by Cogndrdee Croud and Category for Each BB Taak

Yo Semtvnce

Correcc Sentente

IncorTect Septence

--— — _ —_ e e maw o
Rout Sus Hent 41 Hoaroutine Mental
. Pftect Modeling Counting Sequencts Cperation Oparstion IrapPIODT Late Algorithm Noo+Algoritha All Strategics
Cognative Ghowp N Ficqueusy  Pesornd Frequency  Percend  Fruguenc?  Prrcant  Frequeney Parcent  Froquency Fereent  Frequc o3  Percent Froquency Poresnt  Frequeney  Percent  Trisie
s Tavk i ChangaiJosn {+) )
3 N " . ;
H 1z 1 &4 2 8 2 8 o . 0 [ 25 12 50 1 2 ) '] 24_
2 2 ? 16 6 1 13 1 .2 2 4 12 27 1 Y2 0 -6 4
[ 41 2 5 2 5 16 18 1 2 5 12 26 k1] ] ] 1] 1] 42
5,6 21 4 10 k| 16 38 0 ] 1] 4] 19 L5 ] 0 o o 42
Totnl H 1t 9 13 9 49 kF) 2 1 13 9 59 » 2 1 1] 0. 152
—— e
Tark 2 | Change/Sepa;are (=) ' __f,'?
2 12 4 17 o o 2 "8 ) ° 8 3 8 33 1 & i- 4 B
k] 22 15 kI 16 2 i 1 & [ 13 13 19 0 1] 0 1] &b
[ 3 13 31 5 14 & f14 1] ) 1 11 b1 i 2 . a2 42
5.6 1 21 13 n 5 ‘12 2 5 0 0 2 5 16 1 2 5 - S a2
. ; .
. Total 75 5 0 18 12 12 ] 1 0 20 13 48 n ) k1 7 3 152
[ " et - — —r
Task » Coshine/Part Unkhowm {=) . . . ]/ .
—— - e [ ———
. "-": % .
2 12 4 17 “T 8 A 12 1 4 10 41 A 1 0 0 0 o 24
3 2 13 . 29 10 2 4 9 & 0 11 25 5 [N} -] ] 1 , 2 [1]
4 21 13 3n ? Y 3 ? 1 2 13 i § 9 0 ¢ .1 T 2 52
526 23 15 L] 1t 40 5 12 1] . & 2 5 3 H 1 ] [ ¢ 42
Tatal L] [ b1 k13 ) 15 16 2 1 kL] 2 15 . W 1 i 2 11 152
- (continu=d)
. N * 1 !
f * L]

( El{fC‘ 10U

Aruitoxt provided by Eic:
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Toehla 27 {continued)

&+

He Sentense Correct Sen-tdncc

. N Ineorreet Sencence
" Routine Mintal « Bonrouting Mentol
| Nireee Hodeling ,CountIng Sequences Operation Operaclon InapPropt fate Algocitha

——

Cogaletve Group Y Frequeut;t\ Persent  Prequoney  Peeeent” Feequenty  Pereent  Frequenty  Porcent  Frequency  Pereent  Frequeney  Peyeent  Frequency  Perceae  Fraduency  Péreent  Triale

— = r—— o

R - 'Euk & Cochbine/Whole Unkpevn (4}
J_ - ]

2 R 1 % 1 4 s 17 0 0 10 & 8 » ) ) ) .
3 12 ? . 16 2 4 12 27 0 ) 1 n 13 1 o 0 ] &4

P 21 s R i T s 8 - 19 o o 1 1 45 9 o B 42
546 1 & 9 & in n 6 ‘0 ° - 0 7 50 o 0 o &
* Tocal 75 17 1 13 9 2% 23 0 0 26 1 &1 0 0 0 o 87

* Task 5 Compare (=)
2 12 4 17 4 17 2 8 0 0- - 1 50 P 8 0 0 0 0 24
3 22 8 18 16 3% 3 7 1 2 u % 3 7 o 0 2 & “
4 2 9 1 13 E9 3 H s 12 10 % 0 0 o o 2 s 2
5,6 1 % 1 25 0 3 7 ) 1 4 9 2 s 0 0 1 2 ‘2
Totai 7% 27 13 58 38 u 7 ? s 3 14 7 o~ s 0 0 s 3 152
4 Taak & Change/Jols, Change pec unknown (~)

' 12 s 2 3 12 1 8 § 17 7 28 o ) 1 5 2 5 2%
2 H 16 15 T 5. .. 2 & 1 25 3 7 0 ) 0 0 “
5 n 1 29 1 3 5 9 3 7 5 1 1 2 0 0 o 0 “
5.6 1 7 W17 16 61 5 14 1 2 1 2 1 2 0 0 ) o “2
Total -~ 76 31 10 8 a8 17 n 19 7 2t 18 5 3 ) 1 2 1 152
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are now used only for subtraction tasks. I{outine mental ope;'ahons or
algorithus a;e used on Tasks 1 and 4 -(the addition tasks) and
“algorithms on Task 2 (the simplest subtraction Lask). DPirect ﬁodeiing
is often used on all subtraction tasks buf rarely for addition, and
counting sequeﬂées afe often used with the missing addend problems l
(Tasks 3 and 6) and the compare problem (Task 5). A cons}derablé
increése in use of counting sequences is apparent from cognitive group

., "\ "
2 to cogn%tive group 5, 6 on these tasks. However, little dafference

- ‘ ~
is seen between group 3 and group 4+children in use of these

-

strateéies by gradeéE there is still 2 significaﬁt difference between

-

use of ‘inappropriate strategies and cognf;}&é.group for the students.

&

In summary, there are important var} tions in strathgggs used due

to problem set.(size of number) aﬁd due/to specific taské.ﬂ Yet, what
is CI;QF from this data is that there are impottanF interactions
‘between children who have been ijentified as having different Lo
éognitive processing capabilities and problem set and task. Different
straéegﬁesfon thege addition and subtraction tabks regar@less_of the
other important fagFors are used by children'éith different
capacities. ‘ . H a,

e

Yoo
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Chapter 4 o

-

COGNTITIVE PROCESSING CAPACITY AND CHILDREN'S PERFORMANCE

| . ON STANDARD ADDITION AND SUBTRACTION PROBLEMS .

Ta t chapter, t?e fourth study in thie set 1s reported. Its

—— 3

.

puipose was to relate the children's cognitive capacity ﬁn&'grade
level to thélr pérformance on a standard set of items related to
. addition and subtraction. The strategy used in this Studf was
; achlevement moni;orihg*(Romberé & Braswell,.IQ?B). This procedure

involves tepeatedly measuring groups of students in ? quasi-

experimenta) design £§ampbéll & Stanley. 1963). The\measurgg_were «
- - P ' - -

ohjectiv__referenced sets of iltews -on.various aspects of additipn
. e . - : _ . '
and subtraction. The qugsiJexperimental design involveQ;comhining . e
- ¥ *' -

langitudinaE and cross-sectional designs. 1In Figure 2, the procedure -

fq;’describing both-the longlitudinal and cross~aeccionai datd ig w STy

-y L

. \ C - —

showa. The within grade longitudinel growth*is tepresented by the
relative height® of the unshaded planes for the group for students in
each grade.' The ghaded plane cross grades parallel to the time of .~ . -

~

s ,testing axis is the\bross sectional growth representatioﬁ. )

_The data gathered in this study are summarized first in terms of

percent correct on the scales f£or each grads to portrd¥ longitudinal’

+

growth. Second, cross sectional growth profiles are preaented on thg'

r
¢ommon scales across grades. Third, summarizations of performance are

made for students belonging to the same cognitive groups by grade and
) hY d ! : - A
across grades. Then in conhlusiong we related these data for third

. ®
~
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Figure 2. Tongitudinal mean _growth {unshaded planes) and crosssectiénal
growth (shaded plane) for grades 1, 2, and 3 students,
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grade children to the strategies they used to solve the verbal -:

o
problems (D and E_problems) discussed in Chapter 3: “
- ! o . A
A sample of children in each grade from the population examined
and 3) were .

in the previous studies in this series (see Chapters 2
’ / .I-‘-:-\ .
I
!

. 1 13
administered a set of items on three occasions over & three— to

four-month period in 1980 ,(February 29, April 11, and May 28.or July .
4 ) a ] N
6), In eacl administration, a set of test items was given to each
student. Each chilq:s performénﬁe on all items was cored. This
- -\-.: i
<, . j
L

nts the data from those test administrations.

* ‘.
Teport prese
' v LS
2 ' .
3 -
!
i

\3 Description of the Tests
i - -
“ A battery of papér—and-pencil objective referenced tests haq} ;
t

previously been de#éloped to monitoy student achievement on addition

s and subtraction skills at grades 1, 2, and 3 (Buchanan § Romberg,
1983). fhe battery contained three test forms for each grade. The o / "
. oL . [
) égfv -

items were written to assess the instructicnal objectives of ten

experimental topic% designed to teach addition and.subtractioﬁ as well ' ]
. |

!

f

|

Hose}, 1978)., A

b 14
as’ to measure perfofmance on certain prerequisite Objettives and
4 s .
~ "T—H.,

——

noninstructional objeéti&es (Rombé}g, barpengﬁr, &
suﬁﬁary of all quectiv included in the battery is pgovidgd in Table

29. Mot all objectives were assesced at all g}ade.levels, however. - f
For this study, ﬁecéuse of the small sample of séudent; to be %ésted,' |

one of the thrée forms was administered at each grade (Form K at Grade
. “\\;-‘ ’ )

. 1, Form S at Grade 2, Form V at Grade 3),
’

Form K was a 30~minuie teast containing three subtests: a 15-item

. * € )

. _.\
. multiple~choice subtest £Nd two separate 9-item subtests assessing

recall of addition dnd subtraction facts under speeded conditions.ﬁ

Form S was a 35-minute test conéaining four subtests; three of the

S
' 107
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’ Table 28
* Children at each Cognitive Group in eacfu Grade
~ _ s .
Sandy Bajr Waimea Heiéht_s .
. - Infant School Frimary School .
. Cognitive Group Grade 1 Grade 2 i Grade 3 Total J '
> LY
. 1 3 2 0 5
‘ 2 3 6 4 13
' -, 3 1 2 8 11
'-.“'!;: .
4 0 0 8 8
5,6 0 0 1 7
-.\9;‘ _ Tota? 7 10 27 ) 44
., . |
- g .
r
2 .
& ’
L] L) - ‘&
L) ~ -
. \\
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Table 29

87

Objectives Assessed in Addition and Subtraction

Achievement Monitoring Battery

i-

.

Prerequisite Instructional Objectives

" Numerousness
0-10
11-20
. 0-99, writes
Z . . 0-99, represents

Ordering, Place Value -
, set$, one-to-one correspondence
nunbers 0-20
nunbers 0-99, orders
nymbers 0-99, notation-

Instructional Objectives for the S and

A ~

Non-instructional Objectives
3 /

A Topic Series

Open Sentences
aubt 0-20

Sentence-Writing 0-20
add-simpte joining
subt-simple separating
subt-part part whole-addend
add- part part whole
subt-comparison
subt-join-addend

Sentence-Writing 0-99
add-simple joining
subt~simple separating
subt-part part whole-addend
;dd-part part whole
subt~comparison

o subt=join-addend

Algorithms
add 0-99
subt 0-99

~ Problem-Solving 0-20

adawsimpiefjoining
" subt-simple separating

subt-part part whole-adddnd -

add-part part whole
subt-comparison
subt-jolin-addend

Problem-Solving 0-99
add-simple joining
subt-simple separating

- subt-part part whole~addend

add-part part whole
subt-comparison
subt-join-addend

Countiné 9-31
on 1
back

Basic Facts-~-Speeded Test
-add 0-20
subt 0-20 .
Algorithms--Timed Test
Tadd 0-99
add 0-99

Ld
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subtests were gimilar to the Form K subtests with some items dropped

and some added fo.ming a 19-item multip}e-choice subtest and two
¥

12miggm recall tests. The fourth subtest was a3 4-item free response -

R, - »
- -

sentence-writing measure. Form V for third gradewwas a 40-minute test

containingﬁgii'subéests, In this case, the two recall subtests and

-

the sentence-writing subtest were identical for the Form § subtests.,
Five items were dropped from the Form S:mu%tiple-choice subtest

leaving 14 items., The two new subtests were 24—item timed measures of

performance on addition and subtraction algoriths. ' o
~ . S

Multiple-choice subtests. Individual objectiQesmin,Lhe_areas—ef S

numerousness, oidering, place value, open sentences, and algorithms

were represented by one multiple-choice item In each teq;_ﬁorm‘éﬁ;

v

which they were assessed. For the two objeceivéé”%or counting,
- _ ' e

counting on and counting back for numbers to 18, there was one item
per form; however, an additional counting item for numbers to 31 was b.
- .

included in each test because information on these numbers was of

potential interest relative to interview problem sifuations using
v
larger items {see Chapter 3).

Four ‘individual objectives for sentence-writing were represented

. contained numbers 5-9 or ll-15; for grades 2 and 3 the nuimber domains

|
|
by a2 multiple-choice item Iin each form. For grade 1, these items 1

were 11-15 and 0-99, Since there was no way in a multiple-choice
format to have students actually write a senﬁence, the items required
listening to a verbal problem read aloud and then choosing the
sentence which correctly represented the verbal situation. The
problem situation itself was'not printed on the test page. This

prevented reading difficulties and also was in keeping with the

lig |




procedures for the interviews in which the problems were presented

oral&y.

* T [

Fo£r;orm K, two objectives for the problem-solving ares were
assessed while for Forms § and V, four objectives were included. The
number domains were the same as for the sentence~writing objéctives,

and again, the problem situations were not printed in the student

booklets. ~

All of the guestions in the multiple~choice gection of the tests
-were read to the children and then the key phrases were repeated; in

the case of the verbal problems\}pr the sentence-writing and

&

problem-solving objectives, the entire story situation was read twice.
The children then marked an X on one of the four response choices:

1 (b
the solution, two distractors, and the "puzzled face," an option which

indicated "I have nottlearned this yet." Thesrespbﬁhe-choices. .

symbole, and pictures were notsread or explained to the children (with
- &

the exception of the “pﬁEzled face").

The "puzzled face" option was provided to avoid unnecessary

frustration and to reduce the amount of random guessing. Although it

was expected that the "puzzled face" cholce would be-~used throughott

the achievement testing because there would always be objectives not
i

!
yet introd?ced and/or mastered, this option was particularly useful at;

‘the baseline period. Marking tbz "ruzzled ?ace" allowed children to \/
|
r

gilve a positive response indicating that tqﬁy hadn't yet learned to

]

!

find the “answer to the guestion. ! 4 ,.

Speeded subtests. There were 9 addﬁfion and 9 subtraction facts}
on Form K and 12 on each of ¥nrms $ and V. The fiyst six problems iiu'r

each case covered the facts from 4 to d; the last three f{or six) P

[l

- - L] J
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; ‘

involved 10 to 18. The addition and subtzaction recall subtests were

introduced by the test administrator; then specific directions on a

tape recording preceded the items pregsented with intervals of 4 ‘ =
x ) .

seconds working time ror Form K and 2 seconds for Forms S and V.- The

children wrote their answers in designated spaces, leaving spaces for

unknown facts empty. Theij/was a short break between the two '_f«‘

subtests.

- -

Sentence-wrirzing free response subtests. Four of the 12 , ,

individuel sentenc«—writing objectives (verbal problem types);for the

~/ numbers 0-20 and 0-99 were assessed in Formﬁ S and V. A féée response
format was employed in which a verbal problem was read twice to the
sfudents who were directed to write a sentence for the situation and
unt solve the gentence. There were two_0-20 and two 0-99 items per

test. ) . .

Addition and gsubtraction algorithms timed subtests. These

_ subtests, in Form V only, each contained 24 items. The items were
either 2-digit or q-digit; 18 items required regrouping, 6 did not.
Tne items were arranged in order of difficulty. For example, 3-&131:
pr?blems not requiring regroﬁpiné preceded 3~digit problems wh!cﬁ
required r;groqping and, for 3-digit.Fegroup1ng problems, those in
which only the ones weré regrouped preceded those in w?ich.both ones
and tens were regrouPed. The students were instructed to try each
problem in order (the problems were alphabetized) and to go én to the

next problem if unable to do a particular exesmple. 8Six minutes was

E allowed for_.each subtest, \

R | 112
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Test Administration

The "three assistants who gathered datg_;pjéiudy 3 {(Chapter 3)

also carried out that task in this study. Guidelines for

[

administering the achievement tests were provided to each aaaéstant.

The guidelines Indicated which tests were to be given, dates for

L

administration, and so forth.

The first administration was supervised by Professor Romberg and

went smoothly. The second and third administrations were carried out
after Professor Romberg had returnzd to the U.S. These test

b

administrations at grade | went smoothly aa-scheduied.' At grade 2 one

g%%%?tem on Form § did not cop; well so students c;uld not }ead that
question. At grade s there were two administrative mixupa.‘ First,
Form § rather than Form V was given in April to all Ehree classes and
in May to two of the classes. This was not a aerio?s pfoblé@ since

many items are the same, except that the timed algorithms tests were

not given. Second, in the th}rd class Form V was given in July rather

, than May. The May administration was schedulad for near the end of

that time. After a short break, children returned to school to start
the winter term. The assistant zasked whether she should still gather
the data and was advised to administer Form V in Julb. The results of
this administration would not reflect m;ch additional imstruct:on
since there had been a break between terms. All éata were then
shipped to Madiaon’and S;E&ed by Cen;er staff: Each subject's

responses were recorded and are the pasis for all summary information

appearing in this paper.

“ERIC S - s

the autumn term, but the assistant failed to administer the tests at

Wb
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Longitudinal Growth Within .rades .

Grade 1. The percent correct for students at gradé 1 on the
indiﬁidual objectivea and composite objectives for each of the three .
administrations is shown in Table 30. Overall, the'daca show that
this sample of students at thé start of the school yvear (February) had
acquired the prerequisite objectives and could solve the verbal
addition problems (but probably not by addit%on), snd zome €43%) could
find the answer to an open addition prpglem. .Thoy could not solve

N
subtraction problems, write sentences, courit on or csount back, nor

could they recall basic facts, . \\ )

By the end of the autumn term (May), the\:hdition skills gf these
students had improved dramatically. The percent correct improved for
solving an open sgntence, 437 to 86%; writihg a correct adéition
Sentence, 29% to 537%; counting on, 29% to 57%; and addition facts, 337
to 76%. However, the same cannot be saild for subtfaction. Only for
solving & verbal comparison problem (29% to 71%) and for subtraction
facts (294 to 56%) was there marked improvement. Ohviously,
ingtruction in grade 1 had some effect. 7

Grade 2. For grade 2 stﬁdents, the picture is someﬁhat different
(aee Téble_3l‘. Overall for this sample .0f nine students, at the
beginning of the school year the percent‘correct was quite low. In
fact, on only three items did more than half of the ;%udents get the
correct answer. ?Eft of th; difficulty was that Form S used large
nunters (0-99) in several of the questions. By May, improvement on
several composite objectives was apparent. The students were

. '
cémfortable-with numerousness\Sf larger sets (536Z to 75%), ﬁzd
improved on basic facts (29Z% to 51% ;;d 23% to 53%, but not yat to any
- 114
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' .Numbgr Feb. April May April May - .
of Items  N=7 N=7 N=7 of Ttews  N=7 N=7 N=7 °
Prerequisite Instructional Obiectives' h
Nummerousness ] . -
0-10 1 100 100 100 .
1120 1 7 43 . 86 2 % %o. 93
Ordering . '
sets, one-to-one correspondence s 1 86 71 86 .
numbers 0-20 ’ 1 100 100 ° 86 2 3 86 86 B
& 3y .
¢ Instructional Objectives for § Tgp;@é )
Open Sentences ‘ 1
add 0-20 ! 43 57 86 .
subt 0-20 1 14 % 14 2 29 % . 30
Sentence-Writing 0-20
subt-simple separating (11-15) 1 14 0 0
subt~comparison {5-9) 1 29 14 0 4 21 11 21
add-simple joining (11-15) 1 29 14 57
subt-part part whole~addend (11~15) 1 14 14 29
Noninstructional Objectives
Problem Solving 0-20 . .
add-part part whole {5-9) 1 . 100 100 100 2 64 57 86
subt-comparison (11~15) 1 29 14 71
Counting On 9-31 2 29 43 57 : y
Counting Back 9-31 1 0 14 14 3 19 33 '3 )
Recall of Basgic Facts-—-Speeded Test :
‘ add 0-20 - 9 ‘ 33 49 76 @
subt 0-20 9 29 44 56
ax

Pescent Correct for Objectives and Composite Ohjectives by

administracion Time for Grade 1, Form ¥

Table 30

L]

L]

-

"

]

. Description of Objectives

Results for Objectives

Results for Composite Objectives /

> -
Number Feb,




Table 31 iy

Percent Correct for bbjectives and Composite Objectives by

Administration Time for Grade 2, Form S - \
. v ) . ' \‘.
i [}
Results for Objectives Results for'Composite Objecti%es
 —
- Description.of Objectives — ~Number - TFeb. - April . May Number Feb. April May
of Items B=9 N=9 , N=8 . of Items N=9 N=9 =8
- My,

Prerequisite Instructional Objectives T

Nunerousness a
writes 0-99 1 - - e
represents 0-99 1 56 67 75 1 36 67 75

Ordefing, Place Value v
ordering 0-99 1 11 0 25 2 6 o 19
place value 0~99 1 0 0- 13

Instructional Objectives for S and

A Topics ;

Open Sentences '
add 0~20 1 22 . 78 100
subt 0-20 1 1m0 75 2 17 39 88

" Sentence-Writing 0-20, 0-99 ' . .

(multiple choice)
subt-simple separating (11~15) 1 33 33 25
subt~comparisdn "(0-99) 1 0 0 0 4 17 14 16
add-simple joining (0-99) 1 11 11 25
subt-part part whole~addend (11~15) ~ 1 22 11 13

Sentence-Writing 0-20, 0-99 ’ ~ )

(free response) 118
subt-simple separating (0-99) 1 56 44 75 2
subt-part part whole-addend (0-99) 1 0 0 0 4 28 53 59
add-part part-‘'waole (11-15) 1 56 . 89 100
subt~join-addend (11-15) N 1 0 78 63

Algorithms .

,addicion algorithm 1 11 33 13 o 2
subtraction algorithm 1 11 0 38 2 o ..v 5-

- - e Ca — J . ’ continued
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Table’ 31 (continued) <

'y
Results for Objectives Results for Composite Objec.ives
Description of Objectives Number Feb. April May Number - Feb. April HMay
) ) of Items  N=9 K=9 N=8 of Items  N=9 N=9 '§=8
Noninstructional Objectives T _ .
. Problem-Solving 0-20, 0-99 )
gdd-part part whole (0-99) 1 0 22 25 N
. subt~comparison (11-15) 1 22 56 . 50 & 22 39 25
subt-part part whole-addend (11-15) 1 &4 67 13
N ' subt~join-addend (0-99) 1 22 11 - 13
Counting On 9-31 2 33 28 81
Counting Back 9-31 . 1 22 44 25 3 30 33 63
Recall of Basic Facts--Speeded Test
add 0-20 ' 12 - 29 35 51
gsubt (-20 12 23 30 - 53
#students were unable to complete item because tests duplicated poorly,
: : ,
& . ) . .

{- -
Y - 1

6
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level of mastery), could selne'éimple open senten:es (17% to 88%), ang)

had improved in courting kBOZ to 63%5 and writing sentences for vetrtal —
problems (287 to 59%). Again, instruction had an effect, but e |
increases in performance wefe not apparent for ordering large numnere,' ..

probler solving, selecting 'written sentences for verbal problems, and ° ‘

algorithms. : ) .
. "%
Grade 3. For grade 3 students, the picture was more encourdging

(see Table 32). 1In Februery, their performance wag not high (above
. ) A
- -

802)”except on two ‘ltems, but by the end of May (or'early July)

pérformance on all éonposite objectiVes except one was approaching or -
‘T
about B(%. The one exception was thé item on place value ‘for numbera '\‘i~

/
0-99. Sentence writing-selectggg_skills had improved, but for some ,

subtraction situations (comparison and part—partdwhole addend)} scores -

were not yet high. »

Performance of the grade 3 students on the timed algorithms Ees;

LY

is shoﬁn in Taqie\i3. In Febtvary¥ when all 22 children nere tested,

T

they perfo&ed wel o%ﬁthe 8ix addition-withou‘f“*re_grouping blems .
and fair on the three items testing 2—d1§3t subtraction withdut

regrouping. 'On all others, they did poorly. Part of the difficulty
. . . BN 2
was that because of thé timed conditions mos& did not attempt the last

itens in the test. Those 'children who did reach the items did fairly °

neI; ?ﬁ the.adéigion regrgupinépitems but had c;nsideneble difficulty
with the subtraction itéms'requiring regrouping;

Unfortunately, ne children were given this test again in April or
May and’ only 12 in Jaly. By thep. performance gon those students was

.considerably bet.er. There was still some difficulty with the

. . 5
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. Table 32
. Percent ’Correct for Objectives and Composite Ohjectives by o ..
Adminisrration Time for Grade 3, Forme §, V .
. ‘]
- i
' . B Tt o ~ " "Results for Composife UBjectives
Description of iject;ives Number Feb . April May/July? Number  Feb, A{J‘ril May/July
. of Items  N=22  N=22 _ N=I1/12 of Items  N=22  .N=22 . N=11/12
Prerequisite.Instructi&nal Objectives 1
Numerousness - . ¢ . e .
writes 0-99 - ’ . 1 45 32 64/92 T )
represents 0-99 ‘ ‘ 1 - 91 91 -~ 100/91 2 68 61 8?/9 -
. . o :
Ordering, Place Value ) . _ . =
T, ordering 0-99 <> 1 36 . 91 64775 . , 70 32 58 -
“ place value 0-99 / 1 23 50 0/42 2 o / -
Inzructional Objectives for 8§ and v ‘
opics i -
N . oo f . - 7
Sentence-Writing 0-20, 0-97 . ~
(vultiple choice) ' i .
gubt-siwple separating (11-15) 1 N 60 T 91 73/100 - .
subt-comparison (0-~99) 1., 18 1 18/58 4 41 61 41/83
add~simple joining (0-99) 1 77 91 64/100 .
gubt-part part whole-addend (11-15) 1 10 50 9/75 . )

Sentence-Writing 0-20, 0-~99 .
(free response) L

subt~gimple separating (0-99) 1 36 77 82/92

subt-part part whole-addend (0-99) 1 5 23 18/67 ‘ 64 64/81

add-part part whole (11-15) 1 68 95 100/92 4 39 &

subt~join-addend (11-15) 1 45 60 55775

. % ) continued
. LV TN
™ i . ~J
. a . C ' :
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Table 32 (continued)

86

+

Results for Objectives

Results for Composite Objectives

Description of Objectives

Number Feb,  April  May/July® Numbex Feb.  April  May/July
of Items  N=22  N=22  N=11/12 of Trems  N=22  N=22  N=11/12
Noninstructional Objectives
Problem-Solving 0-20, 0-99 .
add-part part whole (0-99) 1 55 68 64/92
ssubt-comparison (11~15) 1 91 77 100/100 4 67 78 80/87
" subt-part part whole-addend (11-15) 1 77 95 91/83
subt-join-addend (0-99) 1 45 73 64/75 )
Recall of Basic Facts--Speed=d Test
add 0-20 12 . b4 65 66/94
subt 0-20 R - 12 40 69 -  52/84
Algorithms--Timed Test . b b
addition algorithm 24 . 41 b ~=/8L,
subtraction algorithm 24 15 - --/65

s

3Form S was used in April and May; Form V was used in February and July.
brorm § did not assess this objective. ‘

124 -
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Table 33

Percent Correct for Addition and Suhtracé&on Algorithms

Timed Tests by Problem Type for Grade 3, Form V

Percent Correct

3-digir

Item Type - Number Feb. July
of Items N=22  N=l12
s Addition

2.digit (without regrouping) 3 ) ; 86 10c

3-dig§? (without Tegrouping) 3 93 94

2-digit (with regrouping)® 6 49 89

3-digit (with regrouping) 9 16 78
3-digit addends 3 0 44 .

Subtractionr ’ )

2-digit (without’regrohping) 3 .68 94

3-digi. (without regrouping) 3 33 89

2-digit (with fégrOuping)a 6 8 }5

(with regrouping) 12 1 47

-

.83 items are 2~digit + l-digit.

Al

| ,
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three-addend addition p;oblems and the subtraction regrouping problems

but the increases in every case are striking.

In summary, for this small sample of children assessed at each
grade level, growth within each grade on some aspech‘associated with
addition and subtraction 1s ~lear. Growth, however, is not uniform
acrots objectives. In addition, ove}all level of perférmance on many
objectives is not high.. Students by mid-third grade have yet to
master mwany aspech of either addition or subtraction.

The overall picture tﬁese-data bresents is of children struggling
to learn the complex griphmetic skills assoclated with addition and
subtraction and to usesthose skills to solve verbgl problems.
children had difficulty with place value even though they correctly
answered 3-digit problems. Work on algorithms.impro;ed even though .
basic facts were weék.. And children correctly sol?ed some simple

verbal problems with little arithmetic competence.

Cross-gectional Growth Across Grades

To portraj cross sectional growth (see Figure 2), five objectives
were assessed in 2ll three grades: sentence writing: subtraction-simple
separating (11-15); sentence writing: 'subtraction—partnparg-whole
missing addend é11—15); problem solving subtraction-comparison (11—15){

recall of basic facts~addition; ahd recall of basic facts-subtraction.
) ’ ) ) L. . -
Also two composite scdles were administered to both grade 1 and grade

" L

2 children, and the composite scale ordering, p%ace value was administered
% o

at both grades 2 and 3. ‘.

1

The cross-sectional data for these scales are presented in Table

34. On each objective, considerable growth is evident. Buts.as;with

-

the longitudinal data, the growth is not uniform or smooth.

' ! - g
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Table 34
Percent Correct for Common Objectives and Composite g

Objectives for 6foss-sectional Growth Across Grades 1, 2, and 3

- ) Pexcent Correct

Description of Objective Feb. . April May/July®.
) Grade 1 Grade 2 Grade 3
, N=7 N=9 N=23

;Sentence Writing

subt-simple separating (11-15) o 14 33 87
- subt-part part whole-addend (11-15) 14 11 39
“Problem Solving i ‘
", subt-comparizon , 29 56 100
“Recall of Basic Facts--Speeded Test A _ _
add 0~20 33 35 ’ 78 _
subt 0-20 ‘ & 29 . 30 69 ) '
) ' Feb, May
Grade 1 Grade 2
N=7 ’ N=8
~Open Sentences ' 29° 88
‘Counting ‘On and Back . 19 63
-l Febr, May/July?
! ' - Grade 2 ’ Grade 3
! =9, . N=23
'Ordering, Place Value 6 . . 46

“ata gathered on these dates have been Eomhined. o ,

\‘1 \.‘ * N
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Performance of Children in Cognitive Groups Within Grades

+

o
\pecause of the small sample of students to summarize data for

children‘in different cognitive groups, their scores have bean

I ]
aggregated into a total score across all three administrations of the

tesfs._

Grade 1. The relative performance on the ‘test items for children
in grede 1 in different cognitive roups is showm in Table 35. There ;
were-thnee children in bth cognitive Groups 1 and 2, but only one ;
child in cognitive Group 3. The differences in performance for the ;
eight composite objectives favor the Group 2 children over t%e éroup 1
children on aix composites with some of the differences being quite . 3
‘1arge. in addition, the Group 2 students increased in performance |

from FgPruary_to May over all the objectives but the Group 1 students

“fmproved only in recall of facts. The single Group 3 child fails to

-

fit any pattern.

Grade 2. For the grade 2 children, the relative performance for . :

children at different cognitivqhgroups is shown inTable 36. There

(AT

vere two children in cognitive Groups 1 and 3 and fdve in Group 2. In
general, the pattern shows Group 3 children pérforming better than \
Group 2 children who in turn do better than the Group I children. -

Some of the differences are striking, for example, oven sentences

{58%-46%-33%) and addition facts (60%-35%~-242). Hnwever, there is one

1 R e B R

anowaly. For the four problem-solving items, the Group l children did

better than eithemw other group (46% to 20Z to 33%). However, =ince

+

these' children were low on fscts, algorithms, and counting skills, the

results suggest that they found answers to the Verbal problems using
"
other strategiecs. The children with better arithmetic skills Gbut not

e

g.

SR e R




Table 35

. Frequency and -Percvent Correet for Composite Objucr iver by CogriviveGroup

. ) for All Adminlatration.Times for Grade i, Fowm K

r

Cognit iv; Group 1

Cogaitive Group 2 Cognltive Group 3 Total . <
Description of Objectives Bumber z
, of ltems Frequency Percent Trials Frequency Percent Trials Frequency Pércent Trials Prequency Percent Trials =
E'Prnrequislta Instruct;onal Objecrives . ; ——1_:
7 Nuseronsness 0-20 T2 14 78 18 1 9 18 - b 67 35 ‘83 42 3
'+ Ordering 0-20 : 2 16 89 18 15 8y,, 18 6 100 37 83 42 =
“Instructional Objectives for the : - F T —
=8 Topies , s
"~ Open Sentences 2 7 3" 18 7 39 i8 ' 33 6 L1600 38 42- -7
Seatence-Writing 0-20 - 4 ) 11 36 9 25 36 17 12 15 18 84 —
Noningtructional Qbjeetives ] )
sProblem Solving 0~20 - 2 12 67 18 13 72 18 4 67 6 ) 69 42 +
". Counting 3 2 27 16 59 . .27 2 22 . 9 20 32 &3 <
- Addition Pacts Recall--Spepded Test - & 9 24 30 81 63 80 81 11 41 - 27 100 53 189
I Subtractlon Facts Recall-Specded 9 24 30 81 49 80 81 8 R 8k 43 189
- }l L) . . }s
La
) O ‘ ' ’ .Y
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[ Table 36
* . T ' ]
L Prequancy and Perceat Correct for Composite Objeetivaes by Cognitive Group : '\
- for All h_dmi.nlstia:ion Times for-Grsde‘Z. Form S . \ ]
. ” ‘
5 Description of Objectives Number Cosnifive Group 1 Cognitive Group 2 Cognitive Group 3 + Total ol
- of Etems  Frequency Percent Trials Frequency Percent Trilals Frequency Percent Trials Frequenck Percent Trlals
“Prereguisite Ingtructional Objectives o .
= Numerougness 0-99 ' e & 67 6 8 58 14 5 84 6 17 67 26
Grdering, Place Value 0-99 25 . 12 0 0 28 1 8 12 g 84 52
?1nstruct1unal Objoctives for the ) . x
25 and A Topics . . -
© Open *rntences 2 4 13 12 13 46 28 58 12 26 46 52
. Seatence Wriring 0-20, 0-99 4 1 4 24 11 40 56 4 17 24 16 15 104
-~ {muleipic cholee) )
. Scatence-Writlng 0-20, 0-99 4 9 38 24 25 45 56 14 58 24 48 46 104
* {frce response) . .
Algorithms 2 1 8 12 4 14 28 4 Ex) 12 9 17 52
Moatast puct 1onal Objectives . .
Problen Solving 0-20, 0-99 4 11 46 24 11 20 56 8 33 24 30 29 104
GCount ing 7 3 6 33 18- 14 33 42 12 67 .18 37 41 78
Addition Facts Recali--Speeded Test 12 17 24 7 72 i 58 35 168 43 60 12 118 38 312
Subtraction Facts Recall--Speeded 12 16 22 72 50 30 168 43 60 72 109 33 . 312

h .
- - :

".data for this item yere digearded.

" 13.‘:' '
'ERIC

Full Tt Provided by ERIC.

Pluo items were sdoinistered for the numcrnusacas objective, studeats had difficulty reading one of the items dua to poor quality of the test duplication 8o

-
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oo ", . )
close to masterg) may have attempted to use those skills to solve the

problems, but wmade errors. This explanation is further substantiate
by the decrease In performance of the Group ! children on those items

as the year progrésses and as their arithmetid skills improve.

Grade 3. Fod the grade 3 students in different cognitive groups,

the results are striking but somewhat aublguons (see Table 37). The

Group 5,6 children performed better on all objectives thén'pny other

group, and Group 2 children were lower than other groups on all the

objectdives. But roups 3 and 4 failed to differ in a consistent '

g ‘ )
- manner, vaiouslé, the differing Qharacteristics of these two grohps

' _
Aare not related to differences in perfcrman%e. Most of the

differences between the Group 5,6 and the Group’2 children are large

(selecting senteuces 65% to 44X, ordering 68% to 33%, subtractﬂon

o algorithms 51% to 13%, and so forth).

Z . =

In sumﬁary, with cne important éiception.‘childten who were
identified as being in a particular pognitivé group p;rformed
different than children 9n other gréups within each grgd;. The oné
E .exception was the lack of consistent differences between G;ougp 3 and
% at grade 37 Again, it should be noted that Grolip 3 4dt grpde'é also
failed to differ on the interview tasks (see Chapter 3) and only

1

differed on "transitivity on the cognitive tasks (see Chapter 2).

Overall, however, it is very apparent that children who differ in *
cognitive processing capacity (Group 1, Group 2, Groups 3 and 4, and

Group 5,6) performed differently regardless of specific ohjectives,

i
- [

instruction over time, or grade.
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. . Tabla 37 . ’
. . x
. ) Feequency and Per<ene Corzeee Low Composl.o ObjJecetves by Cognlelva Group . -
. - for All Meinistraelon Tiees for Crada 1
——y ta -
S A R Cogrieive Group 2 Cogaledva Goup 3 Cogaleive Cecus & Coguitlve Gesvp 5,6 Toeel
Bescripeion of Object fves Nugher — i — - Y
e of leess  Feegueney FPeceent Triala  Friduealy pereent Trials  Frequancv Percant Telals  Frequency Paresnt Ivials Freducney  Patceat Telels

Peavequinier Instrueefonal Objeecives ' iy
Nunerousnesa 0-99 H 15 83 26 2% 13 &0 24 47 k] b1 85 i a7 )] 13 .
Ordorkgs Place Valua 0-99 2 g » ) L % 40 1% » 3% 2 58 % &5 . 49 37 T

Inszesuetlonal Cbjectivey foe the § .

g__l;ﬂ_ A foggtg . H
Sentdnce-Urieing 0-20, 0-9¢ 4 2l i 1] 42 33 80 ” 54 12 L =3 L L6 LL %0 Lt
{oulelple cholca) ™ - . .
Seatence-Yrletag 0=20, 0-99 4 25 52 8 iy 61 L] 37 51 12 4 £3 [} 155 8 263
(lree Tespinsey) .

- L

Honlaseructional 0 rotives | _

Problem Solviag 0-20. 0-9¢ . 4 X n 43 58 13 80 55 1% 1 54 as 1] 1203 ?fl 263 " T

A rd 3 -
Addiefon Al#sr{tkns=«Tined Tost! 24 0 3l 96 134 s1 264 111 51 216 172 n bl 47 £5 816 -
Subtraceion Algot[thes--Timed Yest® 12 12 1 9 n W k. 88 TR T 22 3t me 267 b1 814 x
Additfon Facks Reaali--Speeded Teat 12 85 1] 144 132 63 %0 i3 52 218 162 ™ 204 sz s 804 =
Subrrstfon Fattn Reeall--Speedsd Teat 12 41 L} 144 1¥s 56 250 126 8 216 154 15 204 425 ¢ 804 P

e ———
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Performance of Children in Cognitive Groups Across Grades

Performance data from Tables 35, 36, and 37 for children in
cognitive capacity Groups 1, 2, and 3 are compared in this section.
(Children in Groups 4 and 5,6 are only in grade 3.)

' Group J. The performance of children in this group at both
grades 1 and 2 is shown in T;ble 38. 1In general, the performance of
these children at both grades 1s consistent with their capacity. Only
fér ordering small numbers is chei; per ‘rmance adequac;.w More
strikingly, there s liceln difference in performance beCw;en grades.
Only on the counting items 18 there 2 marked difference (?Z_c; 33%)
but still performance is very low. ’ )

Group 2. (Children in this capacity group are at all three grade

levels., fhe comparative data for these children are presented in

Table 39, Performance gains by grade are apparent,“but in most cases

very modest. Tor exgmﬁle, performance on solving open sentences goes

. from 39% to 46% from grade 1 to-grade 2 or performangce on writing

gsentences (free rasponse) from 45% to 52% from grade 2 to grade 3.
Only for problem solving (0-99) was there a mark;d galn (20% to 71%).
Also, there 18 2 marked decrease 1i performance from grade i to grade
2 on performance on recall of both addition and subtraction facts.

The decrease is undoubtedly due to the increased number of facts and
decreased time for response over forms. This clearly suggests the
high performance at grade 1 was not due t¢ having committed them to
memory. Also, it should be noted that at grade 3, these ¢hildrem have
not learned to use the addicion and subtraction algorithms with any

Facility. Again, overall, the performance of these students reflecis

level of capacity more than grade level.

137

107

e




for Cogn

/// Grade 1

!

Grade 2

Desgeription of Objectiées

]

Frequency Percent irials \Frequency Percent Trials

/

4

Prerequisite Instructional Objectives

Numerqg}ness 0~-20
Numerousness 0-99
Ordering 0-20 .
Ordering, Place alue 0-99 , o

_Imstructional ObYectives for the’ S
and A Topics / '

Open Sbntencés
Sentence-Writing 0-20
Sentence-Writing 0~20, 0-99
(multiple choice)
Sentence-Writing 0-20, 0-99
(free response)
Algorithms

Noninstructional Objectives

Problem Soiving 0-20

Problem Solving 0-20, 0~99

Counting

Addition Facts Recall—-Speeded Test
Subtraction Facts Recall--Speeded Test

30 .

30

18

27
81
81

11

17
16

46
33
24
22

12

24

24

138
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Table 39

Frequency and Percent Correct for Composite Objectives

&

Tor Cognitive Group 2 for All Administration Times Across Grades

o " s

Grade 1 » Grade 2

¥

Grade 3

. Deseription of Objecggves

Frequency Percent Trislas Frequency Percent Trisls

Frequency Percent Trials

rerequisite Instructional Objectives : ) -

. Numerousness 0-20 17- 94 18 -_— _— - _— _— —
‘Numerousness 0-~99 SR - . - 8 58 14 15 63 24
~ Ordering 0-20 - - oo 15 83 18 - _— _— -— _ _—
Ordering, Place Value 0-99 -— - o-— 0 0 28 8 , 33 24
nstructional Objectives for®the §
d A Toples
Open Sentences 7 39 18 13 46 28 - - -
. Sentence-Writing 0-20 9 25 K1) - — —_ - _— -
_ Sentence-Writing 0-20, 0-99 -t - -— 11 20 56 21 44 48
. {multiple choice) . ' !
Sentence-Writing 0~20, 0-99 - - — 25 45 ' 56 25 52 48
{free response} ’
Algorithms - - — 4 14 28 - - —
oninstructional Objectives
Problem Solving 0-20 13 72 18 _ _ —_— - — _—
Problem Solving 0-20, 0-99 - — - 11 20 56 34 71 48
Counting 16 59 27 14 33 42 - . - —_
Addition Facts Recall--Srzeded Test 65 80 81 58 35 168 65 45 144
Subtraction Facts Recall-—Speeded Test 49 60 81 50 30 168 61 42 144
Addition Algorithms _ - _ - - - iy ) 986 -
Subtraction Algorithms — - - - — - 12 13 96
é -
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Group 3; The data for children in this cognitive capacity group
;at grades 2 and 3 are compared in Table 40, There are some important
.differences in performance which are due to yrade, For e;ample, iy
performance increases f;om 8% to 507 on ordering, pléce value; from
17% to 53% on sentence-writing (multiple choice); and from 33% to 73%
L problem solving., However, for all other scales, performance is
similar across grades. Overall perfofmance_is fair, some facility
with the addition algorithm is apparent, but not with the subtraction
algorithm.

P - i

In summary, while it cannot be denied that teaching- or experience

Fl

accounts for some differences in the level of performance fqr these o
children on standard addition and subtraction tasks, what is striking
is that the actual level of performance appéars #» be consistent with i
capacity. Diffgrences ip performance between groups and within groups |
across grades are differences ong could expect‘based.on the nature of

the groupe (e.g., level of qﬁhntitative skills, memory capacity, and : N

80 On).

’ﬁeihfionship 6f Performance on Algorithms to Strategies Used to Solve

Problems .

One overall goal of instruction on addition and subgraction is :

that stqdenta: when faced with a verbal problem (such as those 3

presented in Chapter 3), would solve those problema using an addition' -

or subtraction algoritym. For the third-grade children in this atudy,i ti
. relagionspip of their performance on the timed algorithm prohleﬁs to

the strategiea they used to aolve verbal problems which could be done

I

using those algorithms -is now examined. The strafegy data were

Lot

cnllect2d in the interview atudy diacuased in Chapter 3, We were

\141
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' Table 40

F
‘ LT B
o bedaakad i eh 4t Ll b L

' ’ ) " Grade 2. T

9 L3
Frequency and Percent Correct for Composite QObjectives )
- - f - L}
for Cognitive Group 3 for All Administration Times Across Grades -~
Grade 3 . -

Description ‘of Objectives '
g - Frequency Percent Trials

Frequency Percent Trials

L

)
M *

-gErerequisite Instrﬁbtional Objectives _ o

! 7

1

142

" Numerousness 5 84 6 29 40
Ordering, Place Value (~99 7 8 12 20 50 40
;Instructioﬁal Objectives for the § : R
kand A Topics ; '\\
£ Open- Sentences . 7 - =58+ 12 - Lo e
Sentence-Writing 0-20, 0-99 4 .17 . 24 42 53 .8C
(multiple cholice) | AN
Sentence-Writing 0-20, 0—99 14 58 ' 24 49 61 80
e {free response) :
Algorithms . 4 33 12 . — - —
ENoninstructional Objectives b
i Problem Solving 0-20 8 33 24 58 . 73 80
E Counting ) 12 67 18 - " -
2 Addition Facts Recall--Speeded Test 43 60 72 152 63 240\
3 Subtraction Facts Recall--Speeded Test 43 60 72 135 56 240
2 Addition Algorithms - y-— - 134 51 264
E-  Subtraction Algorithms . - —— -— 78 30 264
5 . .
?ﬁDTE: The one Group 3 child at grade 1 was not included in this comparison,
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particularly interested in examining whether or not students who had

learned to uB; the addition and subtraction algorithms in fact chase

to use chem‘when solving such verbal pzoblems. )

: For %ddition pfoblemé requiring no regrouping, at time 1, 62

1tems were Attempted- and 57 were correct (92%) and in July, all 36

items‘httem§Qed were correct. With one exception (student 517), these
students knew how to add 2-digit nﬁmbers ;itﬁ;ut ?egrohping. However,
on the interviews at time 1, algerithms were used only 59% of the-:ime
(542 correctly). On interviews 2 and 3, the percent of use increased

but only.to 79% and 72%. v

Similar data for addition with regrouping showed at time )

students attempted 95 items and got 36 correct (69%) and by time 2
they attempted 74 items getting ‘66 correct (89%Z). Thus, while there
was some difficulty with regrouping at the start of the.year, by July,

with the éxception of one student whqﬁggﬁe»siiﬂérrors in s%x problems,

the students all could add with regrouping.
T.& interview data show that in spite of this level of
.perforﬁance, many students did not use the algorithms to solve verbal
% addicion problems. On the interview 1 tasks, about half (54%) of the
childéen tried using an algorithm tAGZ correctly). On the second
interview, rhis had changed to 60% using‘ﬁn algorithm (48% correctly).
and by interview 3, 787 used an slgorithm with no exrors.

For Bﬁbtraction without regrouping, performance on three
achievement iteﬁs contrasted with Bérategies vsed ont the four verbg%
subtraction problems showed similar results®” At time I, 55 items had
feen attempted vith 45 being correct (82%) and by time Z, 34 of 36
attenpts were correct (94%). In fact, only one student nmade any

| . 143 . -
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errors in July.

One can conclude that these students ware able o

subtract without regr ping.

Hﬁwever. ot the four yerbal subtracticn

e VR

B R s et R T S T

problems only 147 ‘of the strategies used were algorithmic {only éﬁ

lfﬁar. /,sheaég;ond interview, this had

increased to 25% and fina11¥ o 34% by the third interview.

Furthermore, over half of the

L

correct) at £Ne start of the

tal attempts (59%) were just on Task 2

(simple separate), the most obvious subtraction problem.

_ The same pattern, only more p jonounced, occurred for sabtraction
with regrouping. At the start of the year, only 38 items were
attempted and only 12 were corrett (32%). Many children maraged only

to éomplete the.first six no-regrouping items in this timed test so

_’EEEE"EHbezwas no'fe?I_measuré"df'Ehe{f“bapabtIIf??==H6ﬁEVErT=it=ts=————_
hard to imagine why they were so slow, one can only assume that éhey
could have been unable to do the regrouping problems had they
attempted them. By the second adﬁinistration {July), 66 items were

.

attempted and 5 were correct (82%). Also, only two studencs made more

thanlone error on .the six problems. Thus, while there wac evidence of

-~considerable difficulty in subtracting with regrouping in February, by
the end og the Autumn tern, nost were capable of using a subtraction
algorithm.

But again, in spite of knowing the algorithmic procedures for
éubtracﬁion, most children did not attempt to solve vetrbal problems
using them. én the first intesview, algorithms were tused An‘only 13%

¥ the items (5% correctly). On the second interview, this had
increased to 23i (11% ;orrect%y), and by the third inﬁérview, it was
352 (26% corregtly). And, as with subtraction no-regrouping, most of

the attempts were on the simple separating tasks (447).

-
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Algo, on this last set of verbal problems, the cognitive Group 2

—

studehts_make the most total attempts to use 2lgorithms (357 of the

.correct on the

- t:iu-aé‘).' Tﬁibmimf'évmhoug}g-tne?-got—-n
achievement test and made the most errorkd (only 10% correct) on these
verbal pfoblems. In con&rast,‘gﬁe Group 5,6 students attempted to use
algorithms ﬁnly 22% of the time. .

Overall, this relationship between skill of doing addition and
subtraction algoritvhms and using the algori .. to Folvg’verbal
prgblems is_iqtere;ting. Most third-grade students use other

strategies (counting, fingers, and so forth) until they become really

confident in using the algorithms. However, Group 2 children who have

——— —not—acquired othex strategies to sclve these problems tend to use the

"

.

taught algorithms even though they are not’ proficient in their use.
Thiz suggests that'most students at grade 3 recognize that these
problems can.be solved using a%gorithms but chose to use ‘other
"familiar‘strﬁtegies.--Thenprohlem skructures (verPgl semgntics)
clearly influence how the problems.are worked. In fact, the semantics
seem to be more important than thé realization that the problems could

be done algorithmically.
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Chapter 5
COGNITIVE PROCESSING CAPACITY -

AND CLASSROOM INSTRUCTION , N

The fifth and last study in this geries is reported in this

Its purpose was to examine the questiomr Do children who

differ in cognitive capaclty receive different instruction?, .
\ -

chapter,

The Sample for this Study

To examine this question, a sample of children from the

population used 1n studies 3 and 4 in this series (see Chapter 2) were

obeerved during=itmstructivnover-a-three month period in 1980

(February 27 through May 28). The number of 'children selected to be

observed in each cognitive group in each class in each grade is shoun

A\ ' . .
in Table 41. :

" The obszrvational data were gathered from a content p;rSpegtive.
{nir attempt was to determine the way in which aépecta of content
influence cértain teacher behaviors during instruction and in turn how
these actions affect pupii-outcomea*_ In particular,_the extent to . -
which children are engaged in learning mathematics.is being examined.

To do this a model of classroom imstruction was constructed where
"content segmentation and aeqﬁencing" and "contént structuring” éére
hypotheaized to influence tes#cher planning which in turn iﬂfluencea
classroom organization, the allocation of inatructiﬁgal time, verhal

interactions within claaaroom.'ind, eventually, pupil engaged time

(see Romberg, ﬁ;%l. & Carnahan, 1979, for & complete explication of .

a

N . 146
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) - Table 4% ’
- ' Children in Each Cognitive Group im Each Class )
- Used in the Observation Study  #
Sandy Bay Infant .
. School Waimea Heights Primary School .
¢ ' Class Class ,
- —e 1 2 3 /] 5
- Cognitive. . = :
J' _ Group Grade 1 Grade 2 - G_rade.‘g‘_ Grade 3 Grade 3 Total ‘I
1 2 2 S ' 4 .
-2 3’ 4 3 10 "
b9
\ 3 1 2 2 2 2 9
- 1
4 2 2 2 6 -
5,6 : 3 1 2 6
A
Totals 6 8 7 8 6
i
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the model). To test this model, data have been gathered on various
com;;nents of the model 1in realistic classroom settings for several
periods of time (see-Romberg, Small, Carﬁahan,-& Coockson, 1979, for a .
dﬁscription of coding procedures.used as well ggydetailed explanations‘
of coding categories). From such data the relationship of fh% model

to the reality of classroom instruction as it is observed in the“fiqid

¥

can be examined.

Summary of the Coding Procedure and Aggregation of Data /
Data were collected'on content covered and on certain'téacher_and

pupil behaviors invalved in the teaching and learning of mathematics -

using two procedures (complete details appear in Romberg, Gollis,

Buchanan, & Romberg, 1982) First, to estimate time spﬁnf on various
mathematics ohjectives. teachers were asked to log the number of
minutes on instruction in nine content areas spent for each target
child. Seven of the nine arhas"dealt with aspectgqof learning to add
and subtract. . - "other arit:l'ntuet:it:"t area includeﬁ time speht on both
multiplication and division activities, and “other méths“ encémpéséed
all other activities such as wmeasurement, fractions, or geometry. In

Table 42, the percentage of total time spent on content ares is . :%9

-~
\

presented. OQverall, these data reflect the curricular emphasis-comﬁan

in these grades. Almost half of the time 1s spent on addition and

subtraction. The emphasis obviously varies across grades. In grade

— a
. »

1, the highest percentage i{s on addition facts, numerousngss and

counting. 1In grade 2, basic facts for both addition‘and subtraction
are still emphasized as are counting skills. 4And in grade 3, most of
the emphasis i's on computational algorithms. The only dlsappdfnting

percentages are the little time spent on either writing sentences or

148




- Table 42
Percentage of Time Spent on Mathematical Content Area

by Grade--Taacher Log Data

I

BTY

Grade 1 ' Grade 2 Grade 3
Content Area (24 days, 50-60 min/day) (25 days, 5055 min/day) - (111 days, 30 min/day) '
) ) . (3 classes combined) 3
) Percent Time Percent Time . Percent Time
Numerousness 14.3 - 6.4 4.5 B
Ordering 5.2 ' 5.6 2.1
Basic Facts 15.5 . r . 13.3 4.0
(add) (14.7) (6.8) (3.1 .
(subtract) (.8) : 6.5) (.9)
Problem Solving 2.6 1.4 4.2
Sentence-Writing .8 . .8 3.1
Algorithms 0 3.1 . 24,0
(add) ) : . (3D 3.6
(subtract) (1) ) (10.6)
Counting 9.3 12.4 ‘ 1.4
additionngsLsuL taction . 47.1 50.2 46.3 .
(Other Arithmatic 13.2 ‘ 16.8 15.6
Other Maths 39.1 " 33.0 41.1,
. " —t '
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finding solutions to verﬁal problems. However, this differential
emphasis is program-relaied, not child~related. For example, the
reduction in percent of time aspent qn counting at grade 3 is not
matched with the children's dismissai of its use to solve problems.

In fact, it can be argued that the structure of the program at
grade 3 (emphasis on algorithms) presumes children have mastered most
of the prerequisites {like counting and basic facts) and have acqgired
a high level of reasoning about numbers (be in cognitive Group 5,6).
This 1s, of course, at odds with actual data on these stude;ts \

presented in the last two chapters. ) /7

Also, this description is fair in terms of the content included

in the math curriculum in those schools, but it fails to capturé
important features of structure of those programs. In Sandy Bay
Infant School, the program was filled with manipulative materials,
lots of opportunity to explore independently or in small gr;ups, use
of learning stations, etc., and no basal text was used. However, in
the third grades at Waimea Heights, a single text was foldowed and
most activities involved paper and pencil seatwork.

-
Observed Data

_schodls, the observers sat in a class and over time became a fixture

- Three trained observers gathered the data. These yere the same
versons who gathered data in stuéies 3 and 4. One observer worked at
Sandy" Bay Infant Schod?gand observed both the grade 1 a&d grade 2
¢lasses. The other two worked at Wzimea Heights Primary School where

one-obgerved two classes. FEach was able to observe instruction in a

class approximately 24 days during the observation period. At the

who did not detract either teacher or children.

151 E
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Pupll action and teacher action data were gathered using an
observation coding form. The exact nature of the data coilected and
the method used to gather it are described fully in the manual
produced by the project staff to train observers (Romberg, Small,
Carnahan, & Cookson, 1979).

In brier, student and teacher verbal behaviors were observed in
each class ov a sample of days; 4 time-sampling procedure was used in
which each of six to eight "target" students was observed in a
particular sequence at different moments throughout the observation
period. The sequence in which the students were observed was fixed
prior to the beginning of the observation period dﬁﬁ was invariant
while observations were taking place. The teacher was coded for
irstances of relevant verbal behavior each time a target student was .

¥
observed. The obaervation of all six to eight students (along with

the teacher six to eight times) represented a coding cycle. 1t was
estimaced that one minute was needed: (a)lto observe the target
i _%- student’s behavior, (b) to observe the teacher, (c; to obsurve
organizational aspect& of the classroom, and (d) to code the

appropriate categories on the observation form. The behavior to be

coded consisted only of those activities the teacher and pupil were

invoived in precisely at the beginning of tgf one~iinute time
intervai. Through this process, observex bias in sampling woments is
minimized. The coding categoriegEWere used to record a déscription of
hhat was occurring at that one instant for both the target gtudent and
the teacher. In this way, a series of "snap shots' would be obtained
which would glvg a running aceount of what took piace in the classroom

for & particular observation period.

e
- 4
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Observation for a class session began yhen mathematics
ingstruction began, aqd ended when mathematics instruction for that
class session ended. Not always did the begimming or é;Eing of .the -
observation period coincide with the beginning and ending of
mathematics instruction as scheduled. As a result, two measures of
time involved in mathematics class were obtained. Available time
represented the scheduled time period in which mathematics instruction
was to take place. Actual time.: on the other hand, represented the

amount of time mathematics instruction actually did occur. In wost

cases, the amount of *ime observing coincided closely with the measure
of availatle time.
The basis data vere aggregated in the form of frequency counts
* for each behavior category coded. For purposes of interpretation, the
proportional occurience of each behavior (based on total observed . *

instances) is used. Data were aggregated separately for each class

for the total period. The data give an ovegall plcture of the

teaching of mathematics in each class and yleld estimates of how

instructional factors affect sngagement rates.

Pats Aggrepatijon and Analysis

The observational data gathered in this study have been
summsrized In terms of three categories:: pupil actions, teacher
behaviors, and teacher behaviof;pupil engagement interactions, Pupil
actlons have been summarizéd in ternrn of engaged time; 1f engaged,

vhether it '.as on content ot directjons; grouping; intaractions; and

if interacting, with whom. Teachar sehaviors have been summarized in
! terms of inreractions, speaking to group, speaking on :ontent or

directions, questions, faedback and type of explanations.

153 | .
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Interactions of teacher behaviors and pupil engagement have been
summarized in terms of whether pupils are engaged wheﬁ the teacher 1is
speaking, speaking to groups, listening, no :eacher interactions,
questioning, and provides information.‘

The plan for the analysis of the observational data was haged on
the fact there were two primary dimensions in the study: grade {or
_class) and cognitive group of the pupils. The raw data are cbserved
nminutes. Thus, the number of minutes and percent of time are ‘
aggregated in this analysis in five ways. First, we havg aggrggqtgﬂ
data for all pupils with respect to grade. Second, since three
different ciassrooms were being observed in grade 3, we have examined
the data by cfass. Third, we examined the data for all students with
respect to cognitive group. Fourth, we have examined the data bi_
cognitive level within grade. And finally, we present the data in

terms of cognitive level within class.

Pupil Actions

Grade. The data on pupil actions by grade is presented in Table
43. Significant engagement rate and grouping differénces are apparent
lecturian grade.. Both are undoubtedly due to the differpnces in the
structure ¢f the curriculum in the schools. The high apount of time
spent on small group and individual gctivities in grades | and 2 (85%
and 68%, respectively) is consistent with the manipulative based,
learning station approach at those gradef. Similarly, 70% of tﬂe‘time
spent in large group instruction at graé; 2 15 consistent with the )
text based direct instruction made in that school. PFurthermore, it is

interesting to note that the big difference in engagement is between

grade 1 to grade Z students who are following the same curriculum. .In

15¢
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Table 43 p

Observed Minutes and Percent of Time

of Pupil Actions by Grade

Grade 1 ' Grade 2 Grade 3

Pupil Action : -
Minute Percent Minute Percent Minute Perpent
Engagement
- Engaged Time - 359 55 771 - 71 1369 77
- Gff-task Time 449 45 317,29 403 23
Types of Bngagement . ' .
i Content 488 89 656 86 1149 88
; Directions 62 11 107 14 164 12
Grouping
Individual . 302 30 165 i5 i i
Small Eroup " 553 55 583 53 524 29
Large Group 156 15 343 31 1259 70
Interactions
Target Speaking 62 6 51 5 . 105 6
Target Listening 91 9 163 15 279 15
None 858 85 880 80 1427 79
Interaction Other Party
Teacher 9 65 161 76 Egﬁ 78
Pupil 48 31 36 17 T 77 20
QOther Adult 6 4 i6 3 6 2

A 155
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fact, it was observed that in grade 1, many children spent a lot of

time walting for instructions sbout what to do next when they had
completed an activity. By grade 2, this beﬁavior was observed less
frequently. Many students now proceeded tc next task with little _i

..

hesita%ion.r Part of this change is probably due to increased student S
familiarity with behavioral expectations of the system and part is
prohgbly due to different teacher sensitivity i;‘éhe sltuation.
Class. For grade 3, the data have been further subdivided into
pupil actions by class as shown in Table 44. T¥For comparative T
furposes; tha data for grade 1 (claszs 1) and grade 2. {class 2) are

shown again. (lasses 3, 4, and 5 are all in grade 3. (lass 4 is

clearly different from the other two classes. Pupils in that class
are off-task more of the time.“ Furthermore, 1f they .are engaged, they
aré more likely to be engaged Bn directions, and if ingeragting are
more likely to be interact%ng_with other pupils.  Differences in
grouping are a function of curriculum since all third grade classes
are similar on that dimension. Differences in engsgement aad
interactions, however, are probably a function of the class or’
teacher. , ' ’ \/ﬂ‘ |
nggitive_gzggn. The number of minutes and percent 6f time coded
to the five pupil action categories foé ail students in the cognitive
groups are presented in Table 45. Overall, the percent of engaged
time stea&ily increases acrozs cognitive groups. Alsc, differences in
grouping are striking with percent of time in large group instruction
varying from 21% for Group 1 to 68% for Group 6 children. All other
differences in percentage of tima coded to the pupil action categories

are not striking or of ﬁractical interest, HoWever, these differences

1356
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Table 44

Observed Minutes and Percent of Time of Pupil Actions by Class P

LT

. Grade 3
Grade 1~Class 1 Grade 2-Class 2 ‘Class 3 Class 4 Class 5
Pupil Action
Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Engagemant .
_ Engaged Time 559 55 771 71 402 98 650 64 317 90

0ff-task Time 449 45 317 29 8 2 358 36 37 10
Typés of Encouragement ’ .

Content 488 89 656 86 364 95 496 . 79 289 97

Directions 62 11 107 14 21 5 135 21 8 3

‘__Grouping '

Individual 302 30 165 15 6 + 1 0 0 5 1

$mall Group 553 55 583 '53 101- 24 247 25 176 47

Large Group 156 15 43 31 71 s 750 75 192 sl
Interactions .

Taxget Speaking . 62 6 51 5 24 6 52 5 29 I

Target Listening 91 ‘9 163 15 112 26 127 13 40 11
_ None ' 858 85 880 80 289 68 . 835 82 . , 303 81
Interaction Other Party .

Teacher 99 65 161 76 122 92 119 67 55 81

Pupil 48 3 36 17 10 8 57 32 10 15

Other Adult 6 4 16 8 1 1 2 1 3 4

157 | . 158




Table 45

[

Observed Minutes and Percent of Time of Pupil Actions by Cognitive Group
A . ] Yy K
[=a]

Cognitive Group 1  Cognitive Group 2 Cognitive Group 3  Cognitive Group 4 Cognitive Group 5
= ﬂ_

Pupil Actions ;
Minutes Percent Minutes Percent . Minutes Percent {Minutes Percent Minutes Percent x

Engagement i
Engaged Time 420 64 850 65 721 70 331 76 377 a1 |
_ Off-task Time 237 36 " 460 35 310 30 106 24 56 - 13 |
Types of Engagement - ;
Contant 361 8s 90 83 634 9C 282 88 326 91 |
Directions 57 14 140 17 68 10 37 12 31 9 |
Grouping & . - . f
" Individual 167 25 201 15 104 10 o . 0 6 1 '
Small* Group 356 54 593 45 Lk 43 129 29 138 31 |
Large Group ;}’ 135 21 ~510 39 496 48 317 71 300 68 i
Interactions .
Target Speaking 37 6 61 5 63 - 6 19 . 4 8 . 9
Target Listening . 76 12 164 12 162 15 62 14 69 16, |
None 545 83 - 1090 83 825 79 367 82 338 7%
 , Interaction Other Party ) ’ i
» Téacher 80 n 167 % 163 73 67 83 80 8
Pupil 24 21 46 20 55 25 14 17 . 22 21
Other Adult 9 8 12 5 6 3 0 0 1 1
5 160
N -
\ :
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in engagement and grouping are clearly confounded by the grade and -

class effects described earlier. This is due to the simple fact that

at grade 1, 5 of 6 children observed were in' cognitive Groups 1 and 2; -

at grade 2, 6 of 8 children were in Groups 1 and 2; and at grade 3, 12

of 21 children were In Groups 4, 5, and 6.

Cognitive level within class. To answer the basic question, do

children with different cognitive capacities receive different

instrucsion. Ehe data for children within each glass is presented.
The data for children of different cognitive 1evels.wit£i£ clasca
1/grade 1 1s presented in Table 46. Only the difference in time

s
pupils interact with other pupils is significaqt between Group 1 and
Group 3 children (24% to 45%).

The data for class 2/grade 2 children in different‘coénitive
groups is presented'in Table 47. As wi%h grade 1, thé only observable
difference is in pupil intéraction; with other pupils (17% for Group 1

. *
children and 32% for Group 3 chilidren).

Tables 48, 49, and 50 cont?ip the within class data for_children
$n different cognitive groups for the three third-gradé clas;es. The
plctures of clasg 3 and class 5 show high engagement on céﬂtent with
virtually no differences between s:udents. Class 4, on the other
hand , exhibits much lower engagement with more time cn diractions for
all students. 'Again, only pupil Interactions with other pupils varies

by cognitive level (31% for Group 2 children to 46% for Group 5,6

children).

Summary of the bup;l Actlion Data
- L3

Overall, this data suggests that differences In grouping of

~sudents are due to grade (structire of the ‘curriculum). Grade 1 and

161
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Iable,ﬁG i
Observeg Minutes and Percent of Time of Pupil Actions
by Cognitive Group Within Class 1; 6rde 1°- ‘
- ~”
Cognitive Group 1 Cognitive Group 2 Cognitive Group 3
Pupil ActZon -
Minute Percent Minute Percent Mingte Percent
2 3
Engagement: I ' n ; ' : \
Engaged Time : %0 60 189 51 110 °  54- .
Off-task Time ©o174 - 40 . 181 49 . 9% 46
Types of Engagement . . . t ' | o
Content 230 89 159 87 99 90 ,
: . b %\% o 13
Directions . B 11 . 23. .13 11 10
Grouping _ *
) Individual . " 129 30 119 32 54 2
Small Group 235 54 197 53 121 59|
Large Group ’ 70 16 56 15 ' 30 15 _'\d
Interactions X \
Target Speaking. 26 6 24 6 , 13 6
Target Listening - 41 9 . 30 8 .20 10 N
None 368 85 318 85 172 84
Interaction Other Party . - ! ) Co
Teacher 46 70 . 3;J"’ 67 - 17 52
Pupil 16 24 17 31 . 15 45
L]
Other Adult 4 6 1 »2 1 3
n
V -
- ’ e
" Lol
- . L
' 182 . ~




Table 47

Observed Minufes and Percent of Time of Pupll Actions

by Cognitive Group Within Class 2, Grade 2

Popil Action

LY

Cognitive Group 1 Cognitive Group 2 Cognitive Group 3

Minute Percent

Minute Percent

Minute Percent

.
>
P

Engagement
Engaged Time
Off-task Time

Types of Engagement
Content
Directions

Grouping
Individual - ?
Small Group
Large Group

- Intergctions
Target Speaking
~
Target Listening

" None

Interaction Qther Party
- Teacher

Pupil

Other Adult

160
63

131
29

38
121
65

12
35
177

34

72
28

82
18

17
54
29

16
79

72
17
11

399
158

336
57

82
294
179

20
84
454

87

72
28

85
15

15

81 -

84

212
96

189
21

45
168
99

19
44
249

40
20

69
31

90
10

14
54
32

14
80

65
32
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Observed Minutes and Percent of Time of Pupil Actions

by Cognitive Group Within Class 3, Group 3

Table 48

Pupil Action

Cognitive Group 3

Cognitive Group & Cognitive Group 3,6

Minute Percent

MHinute Percent

Minute Percent

Engagement .
Engaged Time 144 98 30 96 178 99
Off-task Time 3 2 3 4 2 1
Types of Engagement \ )
Content x27 ?3 76 96 161 95
Directions 10 7 3 4 8 5
' Grouping '
woim ndividual . 5 3 0 0 1 0
Small Group ' 33 22 20 23 48 26
Large Group 114 75 67 77 136 74
" Interactions
Target Speaking 8 5 ' 2 2 14 8 .
Target Listening 47 31 16 18 49 29
None 98 67 69 79 }22 66
InteractioﬁIOther Party
Teacher 52 95 16 94 54 89
Pupil 3 10
Other Adult , { 1
164
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Table 49
Observed Minutes and Perxcent of Time of Pupil Actions

by Cognitive Group Within Class 4, Grade 3

Cognitive Group 2 Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6
Pupil Actdion -

Minute Percent  Minute Percent Minute Percent Minute Percent

Engagenent
Engaged Time 262 63 151 69 148 62 89 67
Off-task Time 121 32 101 40 92 K}] 44 33

Types of Engagement _
Content 195 76 119 83 112 77 70 80
Pirections 60 24 24 17 i3 23 18 20

Grouping .
Tndividual 0 0 0 0 0 0 0 0
Small Group 102 27 . . §2 25 51 21 32 24
Large Group 275 73 187 75 187 79 101 76

Interactioné
Target Speaking 17 4 14 6 8 3 13 10
Target Listening 50 13 36 14 30 12 11 8
None 318 83 T 204 80 203 84 110 £2

. Interaction Other Party . ) , I
- .

Teachet 44 66 33 67 29 76 13 5% L
Pupil 21 il 16 33 . . 9 24 13, 46 -
Other Adult - 2 3 0 0 0 0 0 0 =

A

165 :
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Tahle 50
Obhserved Minutes and Percent of Time of Pupil Action »
’ by Cogﬁitivg Group Within Class 5, Grade 3
Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6
Pupil Action x>
Minute Percent  Minute Percent Minute Percent .

Engagement .

Engaged Time 104 87 "~ 103 90 110 92

Off-task Time 16 13 11 10 10 8
Types of Engagement )
& Content 100 98 94 99 95 95

Directions 2 2 1 1 5 5
Grouping

Individual 0 0 . 0 0 5 4

Small Group 60 48 58 48 58 46 .

Large Group 66 52 63 52 63 50
Interactions .

Target Speaking 9 7 9 7 11 9

Target Listening 15 12 16 13 9 7

None 102 81 95 79 106 84
Interaction Other Party

Teacher 20 83 22 85 13 72

Pupil 1 4 4 15 5 28

Other Adult 3 13 0 0 0 0
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. ' ]
grade 2 children are often working in small groups and individually

for mathematics instruction while large group work is common in grade

3. Differences in engaged time hre due to teachers or familiarity
with the instructional pattern. And, only pupil interactiéns with
other pupils are plausibly due to cognitive group of the children
(with children in higher groups more likely to interact with others),
but this behavior only occurs where such interactions are allowed and

even then is infrequent.

Teachér Behaviors

The data for number of minutes and percent of time teacher
actions were coded if first presented yhen the actions of target
childrer by grade level were obse;ved. Then, the teaéher behavi;ts by
class, by cognitive group, and by cognitive group/class interactions
are presented,

Grade. The data on teacher behaviors by grade is presented in

Table 51. The differential time spent by teachers explaining or

giving directions vs. content 1s obviously a function of grade and is

consistent with program expéctations discussed earlier, Time spent on
directions is inversely related to grade level,

Class. The data on teacher behaviors by class within grade 3 is
showvm: In Table 52. The differences of speaking on content appear to

be teacher or class specific. The differences jbetween the first-grade

teacher and two of the third-grade teachers on edntent/remain
significant. For example, for class 1 {grade 1Y, 51% of the time
speaking 1s on content while for class 3"(grade 3), 827 “s on content,
But for class 4 (grade 3), agains 577 is on content. However, the

percent of time teachers explain directions appears to be 3 grade

168 .
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Table 51
Obgerved Minutes and Percent of Time

of Teacher Behaviors by Grade

-

-

Teacher Behavior

Grade 1

Grade 2

Grade 3.

Minute Percent

Minute Pergent

Minute Percent

Interaction .

Listening 187 17 206 18 216- 11

Speaking 640 58 677 59 1238 64

None 276 25 . 254 22 485 25
Speaking/Large Group 91 14 209 31 313 25
Speaking/Small Group 82 13 65 10 227 18
Speaking/Individual 467 73 402 59 697 56
Spéﬁking/Content 367 57 404 60 823 66
Speaking/Directions 268 42 256 38 347 28
Low Level Questions 135 12 157 14 338 17
Direction Related Questions 33 3 29 3 199 10
No Feedback 1006 91 1035 91 1819 94
Feedback/Individual 79 90 89 94 109 92
Low Information Feedback 27 100 101 .98 115 93
High Information Feedback Q 0 2 2 9 7
Txplaining Content 120 12 117 10 323 17’
Explaining Directions 235 21 228 20 165 9

i
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Table 52

Observed Minutes and Percent of Time Teacher Behaviors by Class.

Grade 3 )
Teacher Behavior Grade 1-Class 1 Grade 2-Class 2 Class 3 Class 4 . Class 5
Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Interaction ’

Listening 187 17 206 18 55 12 129 12 32 8

Speaking 640 58 677 39 290 63 681 62 267 71 .

None 276 25 254 22 116 25 294 27 75 20
Speaking/Large Group 91 14 209 3l 128 4 134 20 51 a
Speaking/Small Group 82 13 65 1o 41 14 107 16 79
Speaking/lndividual' v 467 73 402 59 121 42 439 64 137
Speaking/Content 367 57 404 60 ' 239 82 391 57 193
Speaking/Directions 268 42 256 38 45 15 240 as. 62 23 )
Low Level Questions 135 12 157 14 94 20 . 172 l6 - 72 - 19
Direction Related Questions 133 .3 " 29 3 22 5 125 11 52 14

. No Feedback 1006 9l 1035 91 434 94 1025 93 360 95

Feedback/Individual 79 80 89 4 24 g2 71 93 14 83
Low Information Feedback 97 100 101 98 23 82 77 99 15 a3
HigH Information Fecdback 0 0 N 2 2 5 18 7 1 1 3 17
Explaining Content 130° 12 . 117 10 96 21 139 13 88 23
Explaining Directilons 235 21 228 20 26 6 126 =+ 1l 13 3

GET
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effect since all three grade 3 teachers spend less time (6%, 11%, and

3%7) than either the grade 1 or grade 2 teachers.

-

- | 172

Cognitive group. The nuwber of minutes and percent of time coded
to six teacher behavior categories are preséntad in Table 53.
Overall, three differences are striking across cognitive groups.
First, the percent of time speaking to individuval children decreases
from G?Z’for Group 1 children to 53% for Group 5,6 childrven. Second,
the percent of~time teachers spend speaking about directions shifts
from 39% for Group ! children to 27% for Group ?,6 children. And in
the same veln, when t;achers are explaining the peréent of time,
explaining directions decreases from 22% for Group 1 children to 6% )
for Group 5,6 children. However, the later two differentes are
undoubtedly confounded by grade level. -

Cognitive group within class. Tables summarizing the percent of

time teacher behaviors were observed in each class in relationship to

students in different cognitive groups are not presented here. For .

four of the classes (1, 2, 3, and 4), there were no striking

differences In terms of time spent for Eifferent children. Only one

significant difference was found. In class 5, the time spent by the

teacher speaking on content decreased across groups from 82% to 66%Z.
In summary, while teacher behaviors vary considerably across

teachers, differences are more due to grade, or individual teaching

style, or grouping patterns within classeé than they are to . .

differential treatment of students with different levels of cognitive

capacity. Teachers may treat some students differently than others,

but this aata suggests cognitive capacity is not the basis for sﬁch

L

differentiation.
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Table 53

Obgerved Minutes aad Percent of Time of Teacher Behaviors by Cognitive Group

o,

———
b

Cognitive Group 1 <agnitive Group 2 Cogniiive Jvoun 3 Cognitive Group 4 Cognitive Group 5,6

“Teacher Behavior

inute Porcent

Minute Percent

——

Minute Percent

Minute Percent

—

Minute Psrcent

173

- 174

- Interaction
LiBtening 127 19 231 16 139 13 50 10 62 14
Speaking 394 60 837 58 722 66 310 60 292 64
Noite 161 i1 380 26 235 21 154 30 97 71
Speeking/Large Group 83 21 190 23 189 26 90 23 81 28
Speaking/Small Group 47 12 116 14 100 14 56 18 55 19
Speaking/Individual 264 67 529 63 453 60 184 59 156 53
Speaking/Content ' 233 59 479 57 475 66 204 66 203 49
3peaking/Directions 155 39 327 39 228 31 81 26 80 27
Low Level Questions . 84 13 178 12 196 13 . 82 16 90 20
Direction Related Questions 12 2 78 5 68 6 51 10 52 11

No Feedback v 592 83 > 1334 92 # 1018 93 481 93 427 9
Feedback/Individual 50 91 98 93 70 95 27 87 22 88
Low Information Feedback 69 GOy 114 100 75 94 31 91 24 92
High Information Feedback 1 1 0 0 5 6 3 3 2 8
Explaining Content 72 11 166 11 182 17 75 15 75 ‘17
Explaining Directions 143 22 254 18 164 15 38 7.7 % 6

’ o
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Teacher Behavior/Pupil Engagement Interactions

-

The number of minutes and percent of time teacher actions were
coded and children were engaged is reported in Ehis section. As with
the previous sections, the data were first aggregated_frr children
differing.by grade, then class, cognitive groups and finally,
cognitive group within class.,

¢rade. The data on pupil engagement for various teacher actions

by grade is presented in Table 54. Overall pupil engagement when

?

“teachers are speaking increases from 59% in grade ! to 78% in grade 3,

@

Engagement when teachers are not speaking increases from 50% to 76%.
Similarlys pupil engagement when there.are no interactions increases
from 42% to 78% across grades, as do all engagement rates related to
teacher questioﬂing and providing information. - .
Class. The information on pupil engagement when teachers
performed certain actions is presented for all five classes in Table
. 55. As would be expected from previous analyses, class 4 in grade 3

is different from classes 3 and 5 in grade 3, Engagement rates iIn

+

clags 4 are lower in all categories than the other two classes, In

fact, the grade level effect hoted previously is in paxt an individual

-

teacher effects and certainly would be higher for grade 3 if class 4

1

were omitted.

Cognitive group. The overall data on timélpupils ;:\differing
cognitive groupa were engaéed when teachers were doing different
things is‘reported in Table 56. Many of the differencés are atrik;ng.
Firsts across groupss children increase in engagement ﬁhen teLchers

are speaking from 65% of;the time to 86%., Second, the overall pattern

acroes groups is similar regardless ofégo whom the teacher is - ' o~

" | ' 170 ‘ i - , .
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Tahle p4

- Chserved Minutes and Percen

Teacher Behaviors and Pubil Engagement by Grade

of Time of- Interactions of
Pt
{

+

Grade 1°

Grade 2 . Grade 3

Tnteraction
Minute Percent

. 3 ' :
Minute Percent™ . Minute ~Porcent

.

Tegcher Speaking/ °
Pupil Engaged 356 59
Pupil Off-task 245 41
upil Engaged When Teacher
peaking -to: &
Individual 253 57
Small Group Si 67
Large Group 52 63
Not Speaking 203 50
Pupil ::ziged When Teacher:
Listenming 104 61
Puil Engaéed When:
No %ﬁteractionq: K\ 99 42
Pupll Engaged When Teachpr
Asks: f ‘
Low Level Questions 75 60:
Hi§h<Leve1 Questions 8 67
Questions About Directions 15 52
Pupil Engageu When Teacher
Provides: o -
Low Information Feedback 44 48
Posftive Feedback . 32 54

Information About Content 83 68
N’a\ins Dire&tipns ' 13 58

%

463 70 919 78
197 30 259 22
P .

. A
265 68 | R 502 74

455 .68 |, 160 80
153 . 75 |, 2% 8
308 72 | 449 76

£ _ R
151 76" 152 72

. . - ]
157 69 295 78

- ‘1 * " %
108 71 . 263 8L

19 83 42 95

leo 69 \\;’//;33 n

A . s

__/j

67 68 90 80

56 72 .52 87

89 77* £ 255 82 .
149 67 114

16 D |
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' Table, 55 ‘ /& .
Observed Minutes and Percent of Time of Interactions of Teacher Behaviors and Pupil Engagement by Class i

——— e . — o —

- =
& ﬁk Grade 3 S
Grade I-Class 1 Grade 2-Class 2 Class 3 Class 4 Class 5 .
Interaction = :
Minute Percent Minute Percent Minu;e Percent ,Minute Percent Minute Percent
Tetcher Speaking/ . . . ..
Pupil Engaged J56 59 463 70 263 99 437 66 219 1
Pupll Off-task 245 41 197 30 2 1 226 34 31 12

Pupil Engaged When Teacher
Speaking to:

Individual 253 57 265 | 68 109 . 99 275 63 118 .87
Small Group 51 67 45 168 a1 100 69 59 60 20
Large Group © 52 63 153 175 123 99 92 74 41 85
Not Speaking <203 56 . 308 72 138 26 213 . 62 , 98 94
Pupil Engaged * -en Teacher: .o
Listening 104 61 51 76 51 98 73 57 28 90
Pupil Engaged When: \
No Interactions 99 42 157 64 83 95 T 141 65 66 9€
Pupil Engaged When Teacher
Asks:
Low Level Questions 75 60 108 71 -1 99 116 76 - 61 92
X High Level Questions 8 67 19 83 - 23 100 .1 i00 13 . 90
Questions About Directions 15 52 20 69 21 16y 70 60 ) 42 - a2
Pupil Engaged When Teacher . "
Provides: ’ ' ’
Low Information Feedback 44 48 e . 68 22 inn 56 73, N ¥ 92
Pogsitive Peedback 32 54 56 72 20 100 23 82 9 75
Information About Content 83 68 £9 77 86 100 95 69 74 86
Explains Directions 131 58 149 - 67 24 96 80 .66 10 91
— (.
174 , - | 173




Tahle 56

Observed Minutes and Percent of Time of Interactions

of Teacher Behaviors and Pupgl Engagement by Cognitive Grduﬁ_ .

"Cognitive Group 1 Cognitive Group 2 Cognitive Group 3 Cognitive Group 4 Cognitive Group 3,6

Interaction
Minute Percent Minute Percent Minute Percent Minute Percent Minute Pexcent
P :
TecherSpeaking/ : . .
Pupil Engaged © 254 64 518 66 509 73 216", " 76 241 86
Pupil Off-task 137 35 267 34 . 188 27 . eyy 2 40 14

Pupil Engaged When Teacher . ' . ) '

Speaking to: - , -
Individual 174 67 306 61 289 69 128 73

79
8mall Group ’ 26 55 78 71 75 82 33 72 92
l.arge Group 54 65 133 77 145 + 78 55 87 95
Not Speaking 166 62 332, 63 211 " 63 115 76 89
Pupil Engaged When Teacher: - .
Listening 94 75 145 68 81 60 , 35 74 , 52 87
Pupil Engaged When: . . ¥ . . T
No Interactions ' 72 51 188 60 130 66 79 76 82 - 91
Pupil Engaged When Teacher .
Asks: ] . -
Low Level Questions =~ - 51 62 114 68 141 75 60 77 80 92 -
High Level Ques:ions 7 g8 - 15 75 17 85 . 15 100 15 94
Juestions About Directions 8 67 41 59 46 70 34 . 68 39 78
Pupil Engaged When Teacher : : . \
' Provides: |
Low Information Feedback 43 62 68 62 50 70 20 71 20 83
Positive Feedback KY) 65 46 66 37 77 10 83 15 83
Information About Content 53 74 106 68 147 82 57 83 54 90

Explains Directions 87 _ 61 159 67 101 63 . 25 69 22 79

T
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speaking, anu even when ;he teacher 1s not ispeaking (62% engagement to
84¢%), Third, in the same manner, pupil engagement:}ncreases from 51%
for Group 1 children to 91% for Group 5,5 children, when thete were no
teacher interacgions. Finally, the same pattern of increase in
engagement 1s apparent when teachers questi;n students or provide
information. However, as in the prévious analyseé, these are the same
differences fo;nd across grade levels.

e

Cognitive level within class, The engagement data for children

of differing cognitive levels\within esch class was also calculated.

Although ;here.is some variation iIn engagement In each class for
) children of differing cognitive leveis, no'éiscernahle pattern ox
differences in any class was apparent. Thué, tables summarizing t#ia
data sre not presenteé.
In summari, the data relating pupil engagement to type GE teaiher
behavior suggest that differenées are due %o grade level and teachér

style and not t> differences 1in cognitive capacity amongkthe students

[ §
within each class.

Conclugionsg

The question raised at the beginning of this chapter: Do
chil&ren who differ in cognitive capacity receive different
instruction?, now can be answered. Nol! At least that is the case for
the sample of students in thq five clasges obgerved in this study,

Nevertheless, the data/}roe_shis studgkptovide several
ﬁnteresting ingights sbout mathematics instruction, First, teachers
tend to organize and te h mathematics based on school traditions.

pifferences Iin content emphasis anc patterns of grouping stud (s are

based on program expectations within Echocls. “In particular, the

Q :légl.
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differences in pupil actions and feacher action from grades 1 and 2 to

grade 3 reflect a ghift in emphasis and orgaﬁization of activities.

Sandy Bay Infant School (grades I and 2) hasian-open, activify

4 -
L)

oriented program. Waimea Heights, on the other hand, is a "p}imary"
school whgre instruction 18 more formal'aud direct. Hence, the
géerwhelming grade level effect on pupil actions, teacher actions,'énd
pgpil engagement is to be expected. T o .
Second, the mathematics program within schools is not related
either to how students work ;roblemé'nr their capacity to reason. L
Third, there are important differences between teachers who 'are crying
. to do the game thing. Classes 3 and 5 in grade 3 clearly reflect good
‘teachi;g following direct ingtiuction approach. Children are on task
' in large or small groups. Class 4,'on the other hands.;hile ;olloﬁing
the same program, is not.a succeésful class.'
. _Fourth, the orly interesting pupil behavior related to cognitive
~ capacity 1s the tendencg/for children in higher groups to ;nteract.

with other pupils pore often when there 15 an opportunity to interact.

-
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SUMMARY, CONCLUSIONS, AND IMPLIGATIONS . *° )
.j . - ,,oa-f‘ i} . r w - ., " ‘.‘: - . Y . i .
’ ” - ¥ ‘:. . < - .
The question heing investigated in this set of five studles was Y

Do children who differ in cognitive capacity learn fﬁ_adq and subtract
‘differently? 1In asking this question, we agsumed that children's

performance on addition and subtraetion prdiiéﬁs was relgteq'both to

" . 3 N
their cognitive capacity and to ¢lassroom imstruttion. This. series of

» .

'studies were reported from four different inteilectqgl ﬁerSpectiéea g0

thal each.study would shed iight on a different ‘aspgzt bf the .

S .question.‘ Then, bf putting thé inf;rgbtign ftom.qacﬂ toge%ﬂer,-we ’
hoped to answer tﬁb basic question;.' -

“

In retrospect, we believe the picture.which has evolved frow

these studies about.how children learn té add and subtract is both

interesting and provocative, but not at all clear. This chépter
summarizes what we learned and specifies the strengthe and weaknesses

of each of the studies. Finally, implications are suggested to other
—ﬁ'_‘__“ -
< s "‘"TEZE;rchers, to curriculum developers, and to teachers. We have

R T

chosen to organize thighﬁiscussion,under five headingsg: cognitive
capacity, solving verbal addifion and subtraction problems, using the

concepts and skills of addition and subtraction, the influence of

instruction on addition and subtraction performance, and final

“

"veflections.
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Cognitiv. Capacity -

f The original question assumes that young chiidren differ in their
cognitive capacity to deal with mathematical information and that

avallable psychometric techniques would yleld glﬁsters of students

-

into groups so that members in each group had similar scores from

“

rests related to mathematics. First; a set of tests measuring ﬁ&

4

short-term memory capacity (Mrspacg) were administered. _Second, a set

of déyelopmeﬁtal psychoiogical‘ﬁeSts'were given t; the same children.
X . Data from these tests wére used to empirically derive six groups of
studentﬁ. The groups were based on Fhe M-space tests., T@é
developmental tests ware then used to ;ssist in describing the
differences between the groups. ‘
o Qégnitive Gr;up 1 children have limited memory capacity (M—sﬁzce

level 1), are incapable of handling most- quantitative tests, can

serially count but have ne sophisticated counting strategles. and can

only deal with qualitative comparisons and trans}ormations at a

mederate level.
LY

Cognitive Group 2 children have larger memory capacities (M-spaca

level 2), have no difficulty with qusiitative comparisons (They can
preserve correspondence after rearrangement of sets and overcome

perceptual distractions.), and can deﬁérmine‘Whgther gdets are larger
s 3

. N /
or smallar if an object has been put with{g;,féken from particular

sets. Howaver, the quantitative 1kills'6f these children are limited.

They can count sets, but have no sﬁbhistieated counting strategles,

o v

and are uhablg/FDrhandIErtfanaitivity and réariangement problenmc.

-~ F ]
These-first two groups are distinct Irom each other and distinct

frcm,rhé remaining four groups. The final four groups, both

k)

D ) d ""!-....’\‘ 18 ud
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o
psychometricalli and logically, are more similar to each cther than
the} are different from each other 1n that all members have a memory
capacity of leve‘IB or 4 and have sophisticated counting strategies.

Cognitive Group 3 children differ from Cognitive Group 4 children

only on measures of transitivity and transitivity un&er reérrangeméﬁf.
Group 3 and 4 cﬂildren differ only from Group 5 anlerdup 6 children
on the class inclusion test. The difference between Group 5 children
" and Group 6 children is Snly on one measure of mémory capaci?y; in all
anﬁlys;s we ccrbined both Groups 5 and 6.

4

.- The data gathered and analyzed with respect to cognitive capacity
suggested the following six propositions. First, a globq} qualitative
versus quantitativé;distinction is apparent in childreq's mathematical
thinking in the early school years. Second, Qigpace level seems to be
related to thé developmental sequences In the preschool to early
elementary years in mathematically-related tests. Third, the
development of y;asoning a;pears to be: ;omparison -- qualitative —-
.correspondence ~-— quantitafive ~~ logical opsrations. Fourth, an
M-space level of 1 1s enough for handling simple comparison tagks.
Fifth, an M-space lavel of 2.;9 enough for qualitative coerSpondenc?
and 1s a prerequisite for the developument of'most number skills. And
sixfh, ;n M-space level of 3 seems to be necessary for succeﬁs_in
sophisticated counting tasks and probably is necessary for the
development of addition and gubtraction. -

Problems andlfecommendations. The data Iindicate thére are
children who differ significantly in their ability to hand}e early

mathematical tasks. MHowever, the approach that-we took 1s purely

empirical. [t iy not hased on any theory of how wmathematical

v . 185
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- . information is actually processed. The next step would be to use a
theoretic model of cognitive proce;sing'such as that proposed by
Campione and Brown (1978) which distinguishes .>tweer. the * -
“architectural” festures of cognition (memory capacity, automaticicy,
speed of processing, etc.) and "executive" aspects of cognitive ¢

processing {metacognition, hueristics, schema in long-term memory,

etc,).  Using such a model would enhance our understanding of

B i e TR vy e

e ——

cognitive capacity in a more powerful faahion than the.»sychometric
. approach followed in the study could ever do. WNevertheless, we s
) uncovered clear evidence that there are groups of children who differ
significantly in the way in which they process information.
Furthermore, three sets of measures used were important. First, we
found memory capacity to be most important in identifying groups with
differing cognitive cgpacities. Unfortunately,, theﬁinstruments used
to‘assess this qnderlying trait leave much to be desired. In
particular, on the.Mr. Cucuf test,¢ghi]dreh can organize information
by "chunking" it (e.g., left side of the body, heod, and so on). As a
result, higher M-space levels are indicated because & smaller part of
mer. £y 1s being used for more informationm, "This phenomena is well
known in the literature, but to separate ''chunking" from actual
M-space is difficult. We believeuther the four cests indicate M~space
level 1, 2, and 3 relatively accurately. However, memory capacity
levels above 3 in many cases may oe due to "chunking" of information.
Nevertheless, we are convinced that memory capacity is an important

feature and would strongly suggest other researchers measure memory ,

capacity of their subjectn.

®
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The second set of tests which distinguished groups we: . the

"courting forward"” and “counting back" tests. Sophisticated counting

skills are important, as demonstrated in Chapter 3. .whan students
solve verbal addicio; and subtraction problems, many use such skills.
We recommend that such tests he used in other research. Also, other
tests which measure different counting akiils (eimble counting,

counciné_on, counting back, counting all, etc.) should also be .
developed BRd Weads ™ T I e e e

Finally, the clasé incliision” test distinguished the groups of

students. The relationship of ""class inclusion” to how children work

) -
certain problems (particularly the part-part-whole problems) is not at

all clear. We-recommgﬁd the develcpment and study of other tests
which assess the way in which individusls logically reason about

phenomena.

. 53
Solving Verbal Addition and Subtraction Problems

One indication that students have learned to add and subtract is
that'they can solve siaple verbal problems. For' such problemgllic is
expected that children can write an addition or subtraction senténce
about the problem and use learned additiun or subtraction concepts ér
5kilis to find the appropriate answer. I- Chapter 3, we examined both
the performance of écuden:g (the number.of questions they wcre able to
answer correctly) and the strategies they used to solve a variety of
addition and subtraction froblems. The data wer;“gathered in
interviews qf each child on geveral océasions in yhich six problems
weré given to each student at two or chre; of four levels of

difficulty, determined by the gize of numbers in the problem. The

results described in Chapter 3 indicate that there was considerable

T 187
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variability in the children's ability to solve the varieiy of verbal

pr?blemg and the scraéegies they uged to sbive those problems. The

- 1

overall performance of the different groups of students on the tasks

was relatively high. Of the B level ﬁrobiems. 72% were angwered

-

correctly; of the C level problems, 72% were answered cor}eccly; and ~

of the D and E level problems, 674 were answered correctly. However,
2

" there was considerable variability in both performance and strategies

which was influenced by several factors: the semantics of the

problem, the size of the numbers in the problem, qpe implied_opezafion

~1n the pggblem, fhe grade level of the child, and the cognitive -

[ — v s

capacity of rhe child.

' -

Table 57 summarizeés the level of performance across all items for

the six different semantic. types. In“general, the results support the

L

conclusion of Greeno and Riley (1981) that change problems are in

general easier than combine problems whicﬂ in turn are easier than

compare problems. However, implied operation as well as semantics
clearly makes a difference.

-

The most striking findings of the study on both performance aud
strategles were for children in different cognitive groups. The
. N
performance and strategles used by the childten in each cognitive

group are summarized on the following pages. The percenc"cprfect is
noted only If at least cwo~ch£;ds of the tasks githin.a semantic
category were answered correctly. Similarly, to highiighc the
strateglés used by ptudents in each particular group, percentages gare

indicated only If the stratefy was used at ieast 20%Z on the same

semantic set of problems.
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Table 57

Frequency and Percent Correct for Each Task on B, C, D, E Level Items and Over All Let ls

Level B Level.-C Levei D,E All Levels
Task -
Frequency Percent TFrequemcy Percemt Frequency Percent Frequency FPercent
1 Change/Join (+)- .. 85 85 201 78 125 . 82 411 81
2 Change/Separate (-) 79, 79 184 71 89 58 352 69
3 Combine/Part Unknown (-) o o8 68 190 74 }’ 88 38 - 346 - 68
"4 Combine/Whole Unknown (+) 80 80 194 75 115 76 389 76
- i.
3 Compare (-) : ‘ 41 ;41 157 58 90 39 288 56
% Change/Join, Change set Unknown (-) 77 77 191 74~ 105 68 373 73
, . H
. Lh
-— * - H
]_‘8tj - : H
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The summary jnformation on the performance and use of strategies
for the children in cognitive Group | is presented in Table 58. This
group of children performed satisfactorily only on 3 of the 12 tasks,
only on the B set of tasks, and only on the 3 tasks which can easily
be solved by direct modeling. The strategles these students used,
with one exception, were either inappropriate or direct modeling. The
one exception was on task 6 at the B level when 'counting on" was used
37% of the triwme.

Overall, this behavior clearly reflects the cognitive capacity of
these children. They had low memory capacity, lack of systematic
counting skills, and were only able to directly aodel the problems.
Also, the compare task, which requires wmore memory capacity, was
impossible for the children; Inappropriate strategies were used on the
B ana C level compare tasks 83% and 93%Z of the time, respectively.

The summary information on the performance and use of strategies
for students In cognitive Group 2 is shown in Table 59. This group of
children could find answers satisfactorily on both the B and C sets of
problemss with the exception of “compare” tasks. Although the level
of performance was slightly lower on the C set than the B set, the
pattern of the performance was very similar. However. on the D and E
~ets (larger numbers), only task | was answered at a level of
performance which is satisfactory.

The strategy informatlon is consistent with the level of
cognitive capacity demonstrated for this group of students. Direct
modeling was the most frequently used strategy for both the B and C
ievel problemss although routine menta)l operations are becoming

commonplace with the small number of problems in the B set., The

19,
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Table 58

Pertormace and Common Use of Straregies for Cognitive Group 1

e T T I [

Routine
Task Percent Direct Counting Mental
Correct Modeling Sequences Operation Inappropriate
B Level
1 Change/Join (+) 77 53
2 Change/Separate {(-) 70 57 a3
3 Combine/Part Unknown (-) 40 50
4 Combine/Whole Unknuwn (+) 70 57 20
5 Compare (-) 83
& Change/Join, Change set Unknown (-) 17 37
C Level
1 Change/Join (#) 37 63
2 Change/Separate (-) L0 60
3 Combine/Part Unknown (-) 8y 60
4 Combine/Whole Unknown (+) 37 63
5 Compare (=) 93
6 Change/Join, Change set Unknown (=) 80




Table 59

Performance and Common Use of Strategies for Cognitive lroup 2

e e . e e e e e e —
i
Routine
Task Percent Direcr Counting Mental
Corract Modeling Sequences Operacion Inappropriate Algorithm
B Level
1 Change/Join (+) 85 A 33
2 Change/Separate {-) 81 52 21
3 Combine/Part Unknown {-) 77 50 27
4 Combine/Whole Unknown {(+) 83 48 27
5 Compare {-) 58
6 Change/Join, Change set Unknown (-} 85 36 38
¢ lLevel
} Change/Join (4) 72 42
2 Change/Separate (-) 68 47
3 Combine/Part Unknown (-) 7l 42
4 Combine/Whole Unknowm (+4) 68 45 24
5 Compare (-) 53
6 Change/Join, Change set Unkaown (-) 70 28 26 26
D,E Level
1 Change/Join (+) 67 25 50
2 Change/Separate (=) a3 i3
3 Combine/Part Unknown (-) 4]
4 Combine/Whole Unknown {(+) 42 33
5 Compare (-) 50
6 Change/Join, Change wet Unkaown (-} 21 29

e e 194
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compare problems are still In most cases impossible. Inappropriate
strategies were coded in over half of the trials over all problems.
The only systematic counting strategies are used on task 6 on both B
ard U tevels and task 4 on the C level problems. Finally, for the
problems with larger numbers (D and E), inappropriate strategies are
most Irequent on all tasks except task l. Only on thils task do these
children choose tp use an algorithm. However, these students very
vwiten made errors in the uge of algorithm when solving %hese problems.

The summary information for the children in cognitive Group 3
appears in Table 60. Their overall level of performance is quite
satisfactory on all tasks at the B and C levels; there i1s still some
difficulty associated with task 5. For the D and E set, only on tasks
1y 4, and H 1y performance satisfactory. Direct modeling is a
reasonable strategy, particularly on the small B level problems.
Counting strategies, however, and routine mental operations are also
heing used with small number problems. Sophisticated counting
strategles were used on all C level tasks and on three of the D ind E
ievel tasks. Also, a fairly high frequency of inappropriate
strategies were apparent at the D and E level tasks. The Group 3
students chose to use algorithms for the D and E problems less
. requent 1y chan did the Group 2 children.

The summary information for cognitive Group 4 children appears in
"able H61. Not surprisingly, the performance and choice of strategies
of these thildren differs very little from the Group 3 students.
Counting stra.egiet gnd routine mental operations are used on the C

level problems. Direct modeling and counting strategies are being
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Ffable 60
Performan, ¢ and Comnon Use of Strategies for Cognitive {(roup 3

Routine
Task Fercent Direct Ccunting _ Mental
Correct Modeling Sequénces Operation Inappropriate Algorithm
B Level
1 Change/Join {(+) 100 33 39
2 Change/Separate (-) 89 56 33
3 Combine/Part Unknown {(-) 36 50 2
4 Combine/Wheoie Unknown (+) 89 56 33
5 Compare (-) 67 b 33
6 Change/Join, Change sct Unknown (=) g4 44 39
C lLevel

1 Change/Join (+) 72 35 29
2 Change/Separate (-) 68 23 26
3 Combine/Part Unknown (-~) 71 27 26 26
4 Combine/Whole Unknown (+) 80 42 26
5 Compare (=) 74 36 24 23
6 Change/Join, Change set Unknown (-) 82 32 35

n,E Level T
1 Change/Join (4} 89 ) 34 27
2 Change/Separate (-) A : 29
3 Combine/Part Unknown (=) 29 23 25
4 Combine/Whole Unknown (+) 70 27 23 29
5 Compare (=) 36 25
6 Change/Join, Change sct Unknown (-) 66 3h 25

]_gﬁ e A e e e 4 A —— o




Task

Change/Join (+)
Change/Separate (=)
Combince/Part Unkaown (-)
Combine/Whole Unknown (+)
Compare (=)

SN B e B pee

Change/Join (+)
Change/Separate (~)
Combine/Part Unknown (=)
Combine/Whole Unknown (+)
Compare (~)

TN B LD T

i T T L T .

Change/Join, Change set Unknown (=)

Change/Join, Change set Unknown (=)

Table 61

Periormance and Common Lse of Stratepies for Cognitive Group 4

RouLine
Percent Direct Count ing Mental
Correct Modeling Sequences Operation Inappropriate Algorithm
C Level
91 34 41
77 39 27
75 32 25
86 25 39
84 20 27 32
84 23 43
D, L Level
78 38 38
31 26
31 31
74 45
21 31 24
67 20 21 21
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used with the D and E problems. There 1s some increase in the use of
algorithms on the two addition problems.

The summary information of children in cognitive Groups 5 and 6
iz chown in Table 62. These children solve all problems st a
satistactory leves. Counting strategles and routine menial cperations
are used o find most solutions. However, on the D and E simple
subtraction probleme, tasks 2 and 3, direct modeling is frequently
1sed. Routine mental operations and algorithms are only used with the
three easiest tasks.

What i$ more important in this data is that a child's decision to
use a particular strategy 1s dependent on several factors including the
semantics of the problem the s*ze of the numbers, and the implied
operation. Furthermore, the availability or use of & strategy appears
to be dependent upon wmemory capacity.

Overall, five general observations from th2 data relace to our
nndeérstanding how children learn to solve such problems. First, the
frequent and persistent use of inappropriate strategies implies e ther
an unwillingness of some students to engage in the task, or a lack of
the meamory capacity ro use a particular strategy. We agree with
DeCarte and Verschaffel (1981) that Some students fail to understand
they are to find an answer to a particular problem. However, we
believe most students try but lose track of information. For example,
croup | and Group 2 children do not have systematic counting
strateglies available to them t¢ solve many of the problems. Thus,
vhen they try, they may get mixed up and are unable to compliete the
task., We recommend a more careful investigation of the use of

inappropriate strategies across tasks. By examining the use of

r
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table &2

Petformance and Common Use of Strategies for Cognitive Group 3,4
Routine
Task Percent Direct Counting Mental
Correct Modeling Sequences Operation Inapproprinte Algorithm
C Level
1 Change/Join (+) 93 33 50
2 Change/Separate {-) 95 48 24
3 Combine/Part Unkaown (-) 98 31 48
4 Combine/Whole Unzxnown (+) G5 38 48
5 Compare (-) 93 48 36
6 Change/Join, Change set Unknown (=) 98 43 45
D,r Level
1 Change/Join (+) 88 32 39
2 Change/Separate (=) 74 31 : 38
3 Combine/Part Unknown (-) 43 33 40
4 Combine/Whole Unknown {+) 93} 26 30
5 Compare {(-) 71 &0
6 Change/Joln, Change set Unknown (=) g0 62

661
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inappropriate strategies in future studies, a better sense of the
difficulties some children have might be found.
Secondd, direct modeling (the use of chips or fingers to represent

sets) is the earliest and easiest strategy used by students. Tt is

particularly appropriate for B level tasks 1, 2, and 4 where the
change or combination can be physically represented. Also, the action
preserves all the important data; prior data need not he remembered.
The strategy is appropriate for task 3 and task &, but it requires
additional memory storage to remember the whole the the original part.
Fipnally, direct modeling could be used with comparison problems, but
it requires even more memory storage. Even with large number problems
where physical modeling becomes more cumbersome, it still is an
appropriate strategy. Many students appear to follow a "when in doubt
one can always model" strategy for solving many problems. Even
children in Group 5,6 at third grade physically modeled many of the
large number problems to Eind‘ﬁnswers. This suggests the importance
of being familiar with efficient procedur-s; although children in
tiroup 5,6 have exhibited sophisticated counting strategies, know basic
facts, and can perform addition and subtraction algerithms with
efficiency, they still directly model some problems.

Third, direct modeling, for many children, is replaced either by
the use of systematic counting strategies or by the use of routine
mental operations. Counting strategies may be learned before routine
mental operations; the choice of strategy is dependent upon the size
of numbers involved in the p;oblem. At all levels, for all cognitive
groups, the B level problems were solved using routine mental

operations rather than counting strategies. Only for task 6 at the B

203
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level was counting the dominant strategy. The C, D, and E problems
were more likely to be done using sophisticated counting strategies.
furthermore, only on task | (combine/join) were routine mental
operations used with large number problems.

Fourth. the use of addition and subtraction algorithms for many
children is percelved as a cumbersome procedure for finding answers.
Only Group 2 children, who are limited in their knowledge of counting
strategies or routine mental operations, use algorithms frequently,
and they mak~ many errors. Students at higher cognitive levels may
see that algurithms are appropriate but know of and are comfortable in
using other strategies. The children’s teachers had expected students
to write the mathematical expression and use the algorithms to solve
problems on the I and E tasks. Most instruction had been on addition
and subtraction algorithms and the children’s performance was
reasonasly good.

Fifth, it is apparent that the way in which Students solve the
problems is aot directly related to classroom instruction. In grade 2,
most instruction was on addition and subtraction facts {use of routine
mental operations), bu. direct modeling and counting skills were used
by most students to solve the problems. 1In grade 3, most of the time
Wwas spent on algorithms, but they were not used.

Problems and recommendatlons. First, the sample of items, six

tasks at each of the four levels, does not encompass the variety of
addition and subtracticn problems. Nesher, Greeno, and Riley (1982)
tist 14 types. Use ¢f a more comprehensive get of problems would give
us a better plcture of the overall development of strategies across

taske. Second, the gmull number of students and the method of

204




lot

selection for this study is limiting. Studies with a larg;r number of
subjects are in order. Third, although some lougitudinal data were
gathered, there was relatively little change in performance over the
three-month time perliod. Studies of longer duration should be carried
out, The ¢ross-sectional data indicate possible changes, but a better
tongitudinal picture 1Is desirable.

Finally, these data need to be ve-examined In light of the recent
proposed thecry of the development of semantic categories for addition
and subtraction (Nesher, Greeno, & Riley, 1982)., Our data suggest
thar the decision sequence children use to select a strategy is more

complex than suggested by that theory.

llsing the Concepts and Skills of Addition and Subtraction

Since most textbooks for the teaching of arithmetic skills do not
emphasize the solution of verbal problems, we also examined the growth
and level of performance on the concepts and skills of addition and
subtraction. This study is reported iIn Chapter 4. A set of
achievement monitoring tests wliich measured a variety of mathematics
objectives was administered at each grade level. Instruction at each
grade level had an effect on some objectives over the autumn term. In
grade |, at the start of the school year, students were unable to
solve most problems; by the end of the term, addition skills hag¢
improved dramatically, although the same could not be said for
subtraction. Tn grade 2, althoigh instruction had an effect,
increases in performance were not as apparemt for many obiectives. In
grade 3 there was clear improvement on many of the objectives. In
particular, the level of performance on the addition and subtraction

algorithms improved dramatically. Thus, growth within esch grade on
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some aspectis of addition and subtraction is very clear. However,
improvement was not uniform across different concepts and skillg, and
the overall level of performance on many objectives was not high.
Tnstruction does not seem to be related very systematically to the
level of performance. Thus, in spite of the fact that overall
performance on place value, knowledge of addition and subtraction
facts, and writing number sentences was not high, time was not
allocated for instruction on those topics. For example, in third
grade, mosc stud_ats still were having trouble with writing open
wentences and knowledge of basic addition and subtraction facts. Yet
almost no time was allocated for instruction in these areas.
Performance by students in cognitive groups within grades differ.
Group | children in grade 1 struggled with many of the objectives,
while the Group 2 students increased in performance over all of the
objectives, The children in the higher cognitive groups performed
better than children in lower cognitive groups. Overall, children who
difier in cognitive processzing capacity performed differently
vregardless of specific objectives, instructional emphasis, or grade.
Thus, while teaching and pupil experience accounted for some of
the differences between children, the level of performance appears to

be consistent with copnitive processing capacity.

Influence of Instruction on Addition ard Subtraction

The final study of the series of studies reported in this
monograph iooked at the question Do children with different cognitive
capacities receive different instruction?

Observational dara was collected on allocated time, pupil

engagement, and teacher actions in relationship to pupil behavior.
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The findings of this gtudy are not dramatic. However, yhat is
portrayed is perhaps tuvo typical of how instruction is carried out iy
many schools. First, on content covered, about 50% of the total
mithematics time in each grade is spent on addition and subtraction.
In grade }, primary emphasis is on addition facts, numerousness and
counting. Tn grade 2, basic facts for both addition and subtraction
are taught. Apd in grade 3, computational algorithms ave stressed.
The amount of time spent op various mathematics topicsgis not related
1o the level of performance of students on those topics. What pupils
do in classrooms 1s dictated by the grade level and the structure of
the curriculum. 1In grades 1 and 2, children were working in swall

groups and individually for mathematics instruction while large group

work was common in grede 3. Differences in pupil engaged time ave due

to teachers or student familiavxity with the instructiomal pattern.
Only the number of pupil interactions with other pupils is possibly
due to the cognitive group to which the children belong. Teacher
behaviors reflect grade level and individual teaching style.
Certainly, cognitive capacity is not the basis of differentiation
between students in these classrooms,

The data in the last two studies clearly indicate that children

improve due to instruction on basic facts and algorithmic performance.

What teachers do in classrooms varies, but within classrooms, they
teach basically the same way to all children., What children learn
appears to be consistent with their level of cognitive processing and
with the content covered In each grade. The emphasis within
ciassrooms seems to be on some routine procedures {(basic facts and

algorithms) but not on others duch as gentence writing, counting, or

20/
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direct modeling of problems. The emphasis is on finding answers
regardless of the procedure. Nothing is done to relate the semantics
of various verbal problems to instruction in arithmetic.

Firally, there 1s no evidence that instruction attempts to build
on or change the strategies that students are uSing to solve guch
problems. In fact, instruction seems to proceed without consideration

of the level of performance of individual children in the classrooms.

Final Reflections

In concluding this monograph, seven thoughts come to mind.
First, the information processing approach to the study of how
children solve a variety of addition and subtraction problems appears
to provide a basis for a betrer understanding of the process of
acquiring concepts and skills azcquired z2nd using them to solve
problems. Our clustering of childien into cognitive groups should be
viewed as a rough first approximation to a more elegant description of
capacity. Second, for students struggling with the basic ideas
{students in our Groups 1 and 2}, a more careful analysis of
inappropriate strategles needs to be done. Third, the most
interesting set of data is on the strategies that children us$e, not on
per{ormance. Longitudinal data on chonge of strategies by specific
childr¢n should he gathered. Tourth, curricula to be more effective
must be organized and $equenced differently. Although the ideal
organization and sequence for teaching addivion and subtraction skills
is not yet clear, me.e work on writing sentences and counting
strategies is called for. Also, perhaps specific routines such as
addition and subtraction facts or algorithmic procedures need to be

initially taught without trying to tie them to problems until they
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have been mastered. Students could build the bridge from verbal
probiems tv use of algorithms Jater.

Fifth, students need much more opp2rtunity to work with verbal
problems and to represent such problems with mathematical expressiuns.
This procedure of modeling a problem gitustion with a mathematical
sentence is a very important skill throughout all mathematics. Sixth,
while we believe learning routine procedures is important, they only
becdme important in the eyes of children when they are seen as
efficient and students feel confident in their use in solving
problems. Seventh, children differ in their capacity to handle a
variety of mathematical problems. Instruction should begin where
children are. Teachers should take inte account che strategles and
procedures children use to solve problems and build upon those
capacities.

In conclusion,; our intent was to iucorporate data from different
perspectives te etudy how children fearn to add and subtract. The
picture which emerges is of childrer struggling to learn a variety of
important concepts and skills. Some children are limited by their
capacity to handle information. Most are able to solve a variety of
probiems by using invented strategies which have not bren taught.
They dismiss or fail to see the value of the taught procedures to
solving those problems. The capacity of children for processing
information, the procedures students have invented to solve a variety
of problems, and the way in which instruction in schools is carried
out are not in tune with each other. The challenge in the future is
te ~hange this fact. Our goal 1s to orchestrate instruction so that

1t 15 in harmony with children's capacities and their strategles.
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